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I’h t. 1 I t 1 ]  ~~ .ee ef ‘w 1. y r .  IA

u t  r ’ i~~~it V i  I i p I . i e ~il ~5 u f ~~

D. A .  ~twL~c ~t n l  ~
‘. ~~~~ ~~t~~}id i_

A t s t r u ~t. This p~ p ’r  is concerned with a fairly detailed analysis of the me~~ion
a str2ight elJ !pUcal Jet of ~n incc~~press ihle, inviscid  fluid i n  ~h~ eh the

. . t  is allowed to twis t  along its ax i s .  Our study , which includes the  e f fec ts
f ~ r~~vi ty  and surface tension , util izes the nonlinear d i f f e r en t i a l  equations

~~~~~~
• one-dimensional theory of a directed fluid jet. A number of theorems

r proved p r t~ ining to the motion of a twisted elliptical jet and some special
~oljti~n~ :~r. obtained which illustrate the influence of twist.  
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1 . nt . i ~ d~~ ’t i

In  ~~~~~ $ t i r ’  I l i r  C? h l rrn I 1151 1~t~ I ‘T’ , L. ci I (1

, in  $~en rr rI , ~i ~‘r : t . i r~. er  . ‘,~L r i  I a  1 1  i~~

f~~u i J  .h t .  pr~ • A  or , t has 1. n I.Lriary te C~ 1 s~~~~~~ria t rnlul infl~

to the .ir . p n ~~~ naI ir~t.~. erir t d ’ , ’ t r i lo: f l a i r . L a  I of ~~~ a t j r  a

rI . ( :Au r a •  of h ic  ~~~~~ h r  We ‘ ppru ’ ch t h e  : d j -  r~ . I ’rum a n o t ~~~r point of v i  ‘iJ~~

r a m u i y v i a  the tA r r y  of d ir ~ r f d  (or r ’ r nt  r ’~’ , which  I s  k~ ’s e i  ar a

r1~~ Jimensional continuum model comprising a ma ter i a l  e r v e  in i~u c ] iU an

3— space w i t h  two J f u r i i i a t i e  directors ( r e p r e L r t i r .g Crer~ : — .’ C 1, en el L ire J~- t )

a t tached to ev. ry point of the curve. Although the d p i ~cat ion  of r j rh  a

direct  approach to e las t i c  rods has received consider eaJe attention Jer .in ~ the

p:~st dtcade , corresponding studies for fluid jets have been lim ited to a F - w

~~~ers by Green and Laws [5] and by Green [2 ,3,~~].

The development s in [2 ,3,5] are confined to straight circular jets , wh I~ e

the discussion in [ 14] ir concerned with an elliptical jet which does not twist

along its axis. In the present paper , we consider a fairly detailed study of a

straight elliptical jet of an incompressible fluid and allow the jet to twist

along its axis. This study is of interest not only because the jet motion ia

more general, but also because it may indicate what conditions are necessary

car more restricted motions , such as those in [2 , 3, 14 ,5] , to exist.

After a brief description in section 2 of c~rtain asp cts of the three-

-~~~~~~ u i r n e r i s i onal mo~.ior ,  of the jet, in sect ion 3 we recall the basic • - q n t e r i E ’  of

the  nonl in ear  t Le~ r:~ of a directed curve in the form gi ve n by ~r ee r i , Na~ Ldi a nd

• . e r . - r  [7] and also rerard some spec i f ic  r e~~i~~ t cur e ri ~ng an I r i cu r api -  U~le

ord lirm . Next , in section 14 , the basic equations of section 3 are speelalired

La those for a twisted elliptical j  t .  At t i i ~ stage the field equations eon-

~‘~irr th ra~ a s s i ~ . rr~ d vector f i e ] d r  and twa in r t  c oe ff ic i e n t s  w h i c h  i se  t ill

d. be I ri r t i a  co e f f i c i a l s  r i l  -v t ,  L~. ‘ ~‘ -t ry  of tile revs— :- i t  lea

1 .
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f t h :  j et.  an-i t I e  RS5i$~! l - l  i v i i  f l  1cm ll v r~~v -  t i -  ‘ctleh ~f’ I A -  i r f i c ’

+
I ;  i c i ,  - ed  the -xl r i i t l  pr nrc - , ar well an pray 

~~: •  ‘f ll -n ’ J A a I l $ x L r - i ’ -

- i - i t I l ’ i ’4 w i t h  i i i  app -el t O  i t - r t r i j n  ‘ - r i  Ly eceirn ible re— i -- sits ii the 1- riv a -

l r .  of ~ t i  - vie  f i - 1 ci equations for rod—lik e  l ’odi :-v from t 1e t h r - — i i r i  i v i onal

- j - -~t i -  er a:’ ~‘1’ ~~- 1i I V (h- - n , ~
- Hidi and W -rlnE-r [Pj. iid e o— ,hiJ’ i l u ! ’ 1  e e r , :j j -r ’ c —

ti~ -r rs of’ t L s ~: } c - ’r  e u r d  further i n sect ion 5 to provide appropr i~it’: ir t-:rj:r’-ta—

t i  as of t l~ kin- - r a t  i r s  ‘a t’ the di r e rt or v  an d to determi f l :  the r e l a t i o n  of the

t a t ter  to the twis t ing of the jet  and the way this twisting varies with time .

Ar a cunv eqUence of these interpretat ions we define in section 5 a tiumber of

-sefu l line’ma~ Ic quanti t ies , namely the j~~ w and the sectional shearing ~
ji~ the je t  [sue  Eqs. (5.5)], tile sectional orientation 8 of the jet and its

rate of change, called the rate of sectional rotation [see Eqs. (5.11) and

(5.12)], and the local twist per unit length of the jet [introduced following

~q. (5.12)]. Also included in section 5 is a brief discussion concerning the

special case of a jet of’ circular cross-section.

Constitutive equations for an inviscid fluid jet are considered in section 6

and are used to complete a system of differential equations governing the motion

uf a straight incompressible inviscid fluid jet, referred to subsequently as an

ideal ~~~~~~~ for convenience. This system of’ differential equations is then

utilized to prove several theorems pertaining to the motion of an ideal jet

I - with and without surface tension . One of the theorems , namely flie~ r n  ‘~ .A , in

ti, - - one-dimensional counterpart of the three-dimensional re-s ilt - -xpx’ --::ing

h~- r’nar -rk~~ of’ irrotational motion. Another result ot’ particular s~ pi. i t i - a x e

is fl~eorem (- .L~, -rerording to which if an ideal jet in Irl :re il ci l ax at. some

r ,a t - r ia l  point and piv’:n Instant of time and if the rate of sectional r o t a t i o n

v an i sh e s  ther e , t h e n  at the material pcint in question the sectiona l r(tatiu!l

I i i  t h - -  presence of grav i ty ,  the -x i s  a~’ the jet must  be ver t ica l  ir .  rh r
t h a t it r ’r a n s traight -as as sumed here.

2.
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aLl h -~’.a’ I - ‘u ,~~ , r r : !  i t t 1 ,  V i  i i  i a I 1 L c ’ . ‘- ‘ - a c v -  -r ( ‘ ‘: ‘- i i  i - , , ~- . 2

i t  h ,  i’” L- c’I ’ u t - - - I t ’ti t t~a a l l  - -‘ -n 1 -  - - aI i - . - ,, ‘ a a ‘ 
~ - t i .  - - c l  1 P ‘

jet : . r ~ i-: i L  at  ii , e i i i  t,: ut  Oi  I I i ~~, t h i n La-a set- n e t  i~ I L L  - i i , w ’ t

‘it ~il Li--i ; ~i~ t ’ic ,~ I- Ice - motion . icc ‘ i - i - c Ofl ‘
~~ 

cI r: - c: ’ r e  : ‘ J - - l ’ n u ’ - ci ’ 4 - l i ’ :

- ‘ P - c  L i  ‘hi  h- I  y r ’ t -  I c ,  c - p - ‘ i  v i i . - ’ : .  A lee r - , : ,  ef eer ’ —

i’ ye ’. , : cv  i v  y r  ‘~ 
- - i  ,~ei  ‘ h a ’: i - ,~~-:‘ all :1 - - ‘dy vol - ‘ . c r : ’  Pet’ n lx v :  -

‘wLtir .~ jet oil’ e i r ’ ’u.lar cro-:n— :’e-vtion to cur t’ ’: i 1 t i ~~ v i . d j  — o l utions i t .

• th e  ai r ’~nct - of twist.  In add i t ion , we a-i t - t i n  a ‘
~~ - t H e  For t }~ si . ‘ - l;j t ’ a

f a ‘ . n iformly  tw irt-ed i ’ ll  ip t i r ’r  1 j’ t cocci - -x’ rn i cc e - ccvh 01’ t~h twa o r  cc it

c t iC ci ’ L i c e r e  x’ - - - i , :ec; to a rolu t ,iarc ~ i o - a L: ;i~ - -n c x c i aa~.-; [ 5 ]  in

i i - :  s p e cia l  cas e of :~ circular j et .

&
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2 .  i h e  j et~j~~~~b 1em

iL- v in- in  thi s c: - ( I i  a r c  the Lhre ’:—:l  i n ’  -c c’ i n c c  1~ icc .- t.  - i i  v ,  I- c . - ‘a a I t ; ~ I c c  r - ‘

c’ :: jhic’ F l u i d  , ic ’ L in a ir~ ‘lice jet is t:’s’Jnt -o to  be s 1 i” I ‘h i -  a r - c  c- . ;. - n -  a r t  I t t  1 1’- 1

~~~c’ ‘
~~~~

- i t  a t i a r a ’  1 f lu  Ict . We include ir 1 this liv ’ ~c ’ —  H n m e t  I er r’ 1 c i v u l  ‘.‘ j  i~~’ ru t ’ , L i  an

at ~t, t i re j- -t ax i r ’  c rid c - ’ c i f l i ’-  tha t the shape of I I:’: uc’rncci l , c r ’ o : : — ’ ’ c I . i u r  _ F  i ii ’ -

i t  : mn- ’: r’aerc r c : ’mxc , - ’t ,ry wi th respect to two oi’thoecnci 1 -‘ x ’  -‘cc in t I n ’  li t : . ’ . f~s a

r i - i l L  of the rot a t i ona l- motion I n  the let , the cr~~ n i ’ -i i i o n of t h i n - .  - - ‘ - v r ay

var’1c continuously alo ng it s length and thus give rise to a twist w h i c h , far  a

r-r:c ir-~ c,1ar jet, will be appar ent  in the shape of t h e  f ree i cr f ace .  At  t h i s

r ,r fnce , w’~ allow for a constant  surface tension T and r -p l ace the ambient

atmosphere by a constant external pressur e p0 .

We use a system of fixed rectangular Cartesian coordinates x. = (x,y,z) and

the  associated unit base vectors i ,j,k such that the z-axis lies along the center

l in e  of the jet. It is also convenient to introduce another system of orthogonal

coordinates x . = (x,y,z), which are related to x. through the transformations

= x cos e+y sin e , = - x  sin e+y cos e , = z , (2.1)

where 8= 9(z,t) is a smooth function of z and time t. At each instant of’ time t ,

equations (2.1) represent an orthogonal transformation in which the x-y plane is

rotated locally an amount e about the z-axis which remains fixed. Let

l :r.otc’ the mutually orthogonal unit base vectors associated with the coordinates

.1! .’ term as it is used here denotes what is sam’-times called a ‘ Pr- - ’ - j”t’
i r , d  this  usage should be clearly distinguished from others in f l u id  !natc ’i : : c l l c S .
We do not consider a ‘two-dimensiona l jet , i.e., a two-dimensiona l flow in
which the fluid region is bounded by two nonintersecting open cy lindricil free
sur fa ces , nor do we cont~mp1ate an ¶r -~ , ’~rn’ - -’i jet o 5  1 veribed in S ’h l i c h t i r c p
[11 , rh. ii). The twisting jet considered here should also be distinguished
from swirling flow within a rigid surface of revolution as discussed , Pa r
example , by Taylor [1.2].

‘4.
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H - 
. i ’ hc - r c

I ‘ c  9+j 1c I in 
~)

-‘ , - ‘ ‘p t ’  ~ , cc ~ .

- c c  ti c ’ ’ I c i i  c- c i v ;  - - - 1  t I e  I - - x ’ r ’ -al  v i e . . — n - ec t i cc: i’ t i . - t I -a e ’, - S I

1 - i c  c i  c .  . -l l i p s ’ . : , ~~~, t h . -  t x - i’ ‘a y e  of ~i e j i  :‘:ci 1’ ci- -

-2 -2
+ = i , (2 . a )

~ l ~2

- i .  r-

= ~~~
1

(Z ~~~~~~~ ‘ ~2 
= ~2 (z ,t )  (2. 1+ )

re’ tte lengths ci ’ the sumiaxes of the ell iptical cr o s s - s ’- :L i cc n . In t i c - form

(2.?), 8(r ,t) i~ t h - -  local orientation of the ellipse and t h e  three 1 ’ cnrli or cs

and B are su f f i c ien t  to specify the posi t ion of t l~~ t’r- - ’: F r Ic c e .

In addition to the condition that  the c - u r f i c e  (2.3) b.- cc :a t s i ’ i a t ,  a c ,  t e l :

boundary we must also require that th e  d i scon t inu i ty  in normal 1 r a - -t  on c - ’ lerc”

the surface tension and that the shearing traction be continuous . Thus, L-t  t

d’-note the stress vector acr oss  a sur face whose L: t t w u J r ej  unit r.orrrc a 1 it’ V

Then , on the surface (2.3) we must have

-~~~~ t (q-p )v .
—.~~~~~~

- — 0 —
i I c v r ’ ’: tb~ t erm q is, d i -  to th .- reFa ce ‘ r , ’ - i , a . l~ i t I c  c r y  c , l p  ui  ( 2 . 1 )  - e l

(2.~~) ,  q n-cay b. ’ - ‘ F r - c n - .i Ic~ t i -  f -c ’ :.

Ac t io l  11. s uch a apt-ch ic assumption Ic not I t - - :‘ : ‘ry i c c c C r -  v i  1 ne c I n -r .:: i-
of the fo l lowing ~~-~ t,j ’an~~.

5 .
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= T[[e~ sin x(~ 
- 

~~~ ~~~~~~~~~~~ 
i n  + 

~ 

?

I ~~
‘ c; i !t 

~~~~~~~~~~ 
cci v x )  ‘ . n r c  X~~~~ - ‘ C 5  X ) ( .

~ J n -  A ( ‘ US

~ ~2 ? -~~ l c in 2 
x -  - ~~~) ]  n - i n  x - v - n x -

- 2 [ (
~~ øp~ 

- 

‘~~I 2  ~~ 
con x - en-

(~~ 
co~

2 
x ~~~~ : lr ,~ x)J

x 
~~~~~~~~ ~~~~~~ 

x eec ’ X~

- 

~ l~ 2~~~ 1z cos 
~~

-
~~2

8
~ 

sin x ) 2 
+ 

~~2z 
sln °~~ x )~~~~ 

1]) , (2.~~)

a subscript denotes par t ial  d i f f -  - r c c t t i E tion , X is the polar an ~ tc in

~h~- pla ne of the c ross-sect ion  given by

(2.7)
x

and x and y satisfy ( 2 . 3 ) .

6.
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~~
. A c i c ’ - - ’ l c i L

c u - c - i ’ i r e i n  I I i  i c r - ’ I - h ’  c - c c  ‘ - c c c l vu’ ‘ - ‘ ‘ - ri ii.!: I , ,  ‘i I L e t  i ,1’ ~fl

a : - ‘‘ - n c - i c - i  c ’ I I  - Id  j - - I -  . i c  - c - ’ a i’ - - - a I ~~‘ I y/ ‘ ‘ ‘ ap~ivi )’’ ‘ ‘ ‘ ! a - l i lt I 
~~ ‘

- ‘ - n v - -~~~ 
c - f ’ a d i r - I ’  I h r  a c c - n e- c t )  v c r v e .  A vc:n ’ i c  - n- i t ’ ~ r :  rc i i I , I , c

j
- —

cc ’ - a i’ - n ’ I Lu ac  ~~~ . I i’  c d t  1’ -e l i - i  opc i’ ’  C i c e  t o  - - - a ,, ’ c c - c : ’ P i -h i ’c h I w ~

re ‘ ttccvlc d. ~‘.e ‘i - al i v e attention La a i a ! ’ - : , . eh: - c- i -c  I ‘1 cury a

~: i t : ecI in  i d l I e  more 0- - t v  r i  t i a t  c’ :~u r t - i c c r j c c l  1 ‘, -j c r ’- , - - x . l. t i P  nt ’ , i .  ch i l i c t c , a i

I, c o r  17] . l’laiiy a t ’  the r e c a l l ]  tc of his ca--eti cin p a r a l l e l  t h en ’ - C f ’ a rr’’Lct ’  -1 work

by re :fl r3 ’ , a l t hou ’h tIe f r - -r an t  F i x c e r :ca ticn- -’.tr : ‘onc ;; l - ’t t  7 - -nv  r -  ,

Let the particles (or the ,“cat ’x’ ~c & L  points) v~
’ tb: .ctl e’rial Ii: - - t ti~~

dlre ’-t -~ -“c ~ be identif ied with the convected cec,rlic’ca t -  ~~~. i n  h -  ~-r ’ n - c t

0 ;:t t ine t , let the space curve occupied by t b -  m a t - - i ’ l l l It , c - f

n - e l to by c, let r be the position vector of c acid d -
~~ ~~~ )

~l x ” vc t e r s  at r.  Then , a motion of 1~ is cpecified by

r = r(~~,t) , ~ = d ( ~~,t )  , {d~~~a3
J ~ 0 ,

wher e

a
3 

= ‘
~~~~~ (3.2)

is a vector tangent to tb’; curve c. The condition (3.1)
3 ~ il1 ensure that

y e - i t  cur of the dir”ctorr is taneent to the e cree and that and m ” i r , t a i n ,

the same re la t ive  ur i :n t a t i cn  to i nch other rid to a . We denote the  elc’ra ’:nt-
~~~~~~ —3

-~ f nr a  1.-r u th a l U t I F  t h e  ::‘Ar,’e h. i j ~ and fr om (3 .;l ’  we ic t v e

‘ 
ds ( ( l : .~~~~~ d~ , O~ 3 

= e .  a.. . ( . c .

:~~~ kircer~tics allow icr the rotation of’ the -lir e ‘ r - i ii’ i’ h a t  l’,’e to the
‘ ru g’ r it  vector a . ii- t i r , -~ c~ - c .21

‘1. 
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I h ~c vi ’] S u i t , ’ 8 1 c c 1  - f i r -  ~‘ t c t r  veloi’it- i c - c e  c i  I I t c h i~ :

v =~~~~~, t )  , w = -~ :, ‘ )  . (3.)c )
-,-.

~~ ‘-‘U -

n - - c :  1 -  c - c t~r c ’ ’ - i I  - l e t ,  c1 y c- ’ i ~ ’ c L ” L r  cc t b  c - - i a I i i  I ~; v  I ’ x’ha - -i - iv - i r o l r I i r .  ‘ I I .

A n d-J’ r , ’ c i  t h ’ -  i ’ c , e v - t ’ v ’ c i t t  Ma c :  i n  1 - ic ’: ’ - v i .  ccc - ‘ c c c i  I c -i - ,- e t  a

- c  .t’ . -: ic t c i t - ai” i l Pur l - I  i n -  contain ed in F~ ]. - ‘cr v a r  er - c -n t  I an-l u r e ,

1 t . w i l l  c - a f t  i c~ t o  cc cur l t I ,~~n in le ant ’ 1 form , ear ’, - .

p(a,3)° = X or p + p(a 3)~~ n . 0

~~

‘

~~~~~

+ 

~~~~~~~ ~~~~ (~ .5)

a
3

X f l + d X~~~ +~~~~~x P
a

~. 
Ic’ a fu nction of ~ only , p is the t rac t’ s d - ’mn - i ty (p- :r unit i’er: lt h )  of the

- ,n-’,’ -- an- -I the sym metric inertia coefficients y~~~=y~~(~~) are associated with the

director velocities w and are independent of t ime.  In addition , n denotes the

contact force , p~ the contact director forces and the intr insic  director

f c r c ’- sp e r unit length of c; the vector fields £ and L~ represent the an ’s I~c n ed

force and the assigned director forces, each per unit mass of the curve. The f ie ld

equations (3 .5)  are consequences of balance of mass , momentum , director momentum

and n’om’.-rt of momentum , respectively.
-

~~~~~

i - I  r att - r ’ l -i t r a i -y  ca-rb ~~ ~ ~~,. of 1 l c - ~ v a’’.-’ - ‘ ~-t ~~, tM. n- cit Of au-u ’ -,

‘., l . -x l  i - rm  ~l I r a  ‘ -n n i n e s  the r I - - - 1’ m o r se - i f  k i c c ~ t i c  ‘c r11-r oy t r a I T  u5

- x’pre ’rcsed ‘i5

8.
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- “I

l t ~~ , . 1 ’  j ’ j ’~ I 9. ,
— ‘. ‘~ U , i, “ “ ‘0 ’

- 

‘~~: 

p ( j .  - w W~~ , ::

‘ iv.  c:~ 
‘
~. la _-t v ’  - , I ~e - t i I I c ’ -  c c i  a l b

- “ l , ) - 
~

‘ ) .

~ 1 t Ic  L l c i  H i,p uI (3.5). ( 3 . - )  r -J ur to

P P ~~ ,

- ,.: -r, P b 1 ,1 c . d by

XP = fl • + Tr~ . W ‘
~~~~~~

is the mechan ica l  pUW ’l’ bar uni t mass.

a rrj rr , now or: v . r e s t r i c t  a t -t e n t i ar  to C dii’ - at ’ -d a ’  r e v  ~ } c i r e  I :ci - - r -  i ,:

- c - i  i n n  e c r , n r t - r n ’  m l .  In :,raiul’ to r e f l ec t  the la t ter  T r c ru - r ty  in tn  o n - — 1. 11:: r n  i r a ,

a l .  as icc  t.he a-orb of Gr ’.’e-n [3 ] ,  we adopt the condition

I -

~~ ~~~~~~~~~ = 0 . (3 . 1’ )

- r i - - t I ’j  ph ab ing , two c t d i l i  1 ional conditions are f le ecy - ’  cry in order to fully

‘ : , ‘ , r ’~ c ’ t - r i ? e  irrcccc’cpr-:n:ibility in the context of a p neral dir- - i t ’ d ,‘ar’.’-

- c , for I, f c ~~ limit - I c c c  p-  - ur the pr - - s -c . f ’ af l- : I’ , t h e  condi t ion (3 .  l,j ) 1:

n - c t t i ’ ’ i -  ci t . by n ’- r t e ’r c ’ , i c ~ c t i n -  I t a l I c - t i - - .i d i f ’ t’ r’-nt ,i at i ,- cc ant icn - icc0 (n- • t ’~

— (
~~~.; - cray :~e w r i t t - -r ~ a i t ’ r ’ c c - ’t i v ’ ’iy  ant

X~~ • v ~~. I x c . ,  =
,-‘

~ 1 r a r ~ appendix at the a-nd of’ t i c + - c paper , a 1—1 ‘Orc’ anl’aric]t- clce i s nt~h1 l : -~ H
r~~- t ~ ,’ - - a cc  ‘h e ’  f ’ i - ~~~h - - c ’~ I - ‘cc’ ( ‘~. . t )  of the  - h i  u’ vt  t.h’:cry ar c - i tic c- y r . n-ni l, 1 m b
oiction s wi i i ah ‘ -r ’ - - r , ’ Iri s the ~,‘O’ i — c j J ’ c - - . n - I c - f l n t  q ~‘ t i o t . n -  a l  n icc  t c c a  ‘ -

~~~~ —

d cj c-, ’ n r i c r ~~I Lia—ory ‘1:’ T ’omii ,j urt V i - C a u i ’ i n  ‘-a ;  1’OX i~ i~r ! cI F ,’ t a t -  I’orm ~,- i t ~),
pirj~ t h i n -  in c ’ t t U~~ t.~ - c r 1  c a t  ion at ’ - — 

. io) ~ n caot i ’.’ :t ’ - - h  l i o n , ~n - ‘ - I t t - -
‘.jon - i l  - - coridi l ion of i c e ’ -  - p r -c c I c t i l l i  ,,- j r c  1 i, i h r - - — e h i n r - c c : .c r c c r j  t h + ’ c j ’~ v i a - c ,
the pc’cc i t lon vector is appr  cx i c r c - a l e - c h  by (‘ I ’  -e , in t h i s  Ce - r a ce an Lien  c h ’

‘ist paragraph of’ the A; c ; ’ - c . ti I x .
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a l .  ~e - , is l ’  - ‘ 
~~~. — d i c c i ’ - t c n  I c c c i i  p cc I I I j t  ~~~, ; ,~~

., ‘ • ~~ ‘ - t ’ ü ~.,p i t - ’ L b i i ’ t l c ’

- 1’ a - ‘  ii’ - - ‘‘  ‘ ‘ 1  - - - r i  ~~‘ t i - i ’  c -  li c . - n-i it : I I’ ” I i ~ - a -  - h I a  • I I  ) - 3. 1 ) . w

- y • . - ‘

~ i c , n  c~i~ t ’l i a -  ‘ awl  c t - c :  n , ’~ ‘ t t  p j 5  ‘ F t i  t ’ ’ ’ : l  1 c’ ‘, , l n - c~ l c  - - a  t-i t h - I u t , c ’ i ’’

c: :t r c c i: l a- y c c t c : - cr0 i l l

— A -~~ 
- .

~~~ 
- - 

~~ 
-
~~~~ 

-‘n i i t  , c 1  rt , ‘ - - ‘ ( .~ .

\ ,\ .
a l -  c -  c c ,  -‘~~ a t ; ! c i ’ . t~- r c i n - - ’t h y . u c . c ’ l , i c . r c t i ’ t ’ ~‘ r n - i L - c c t  i c t  t b : -  P . c .  -

~~ i ons

c , ( ~~~.c  ), ~~~~~~~~~~ 
) cc f l i l  

~~~~~~~~ 
) ‘ cr  c t  i’ c ; ’  c c  n - d ~ ’ c c -  l . ha  a ru t r ’ - b . t :  l ,h e l’ t t -  -‘

I t i- - s - c r: n-i’c ’itr ’r. f- rn ct .ic ’rc c ; of ~,t and do vi; ‘ -“ r b . la t - t ” , I i ’ if lh  t h t r  ha ’

- ‘c i t  ii’ r ; f lL  a l I c ,  c - - f  a- -c , ’e tu  the - . < c - t ’ - - c c n ’ i ’ n - ,  (3.;) ~~a ~~ ‘ c ’ - c a t  al

w- - r , t h , ’: c a - n v ’  r ’ i r r a - n J ’ P c : n - ’ ’  P ’ c r c c : t i t i r c c  ~~, 
~ c c - ,d p c r , ’ ] i ~~ ‘~ttu j

+~~ci~~~~i )~~
-
~~ + (~~~~~~~ +~~~~

i x a ) . w -~~~~~ . -
~~~~~~~~ = 0 ( 3 . 13 )

r all V c 1  c _ -F v i ’  a- ,- 
~~~~~~ , w and ~w~0/ i~ nrcbject to- ti c , coca bra in :t (3.10).

p is n r a  ii .r c ’ r ,y ,  It P o l i e w n -  tha t

n = - p d
1

x J ~, , ~~~= -p e~~ d~~xa~ , p~
’

= a . (3J*)

f-part Pr c -m t i : ’  con st r aint  (3 .  i i ) ,  the preceding :qu a t io t i s  ‘re  ful l ,,’

“ t c ’:Cttl wi th in  the con t - -xt , of t h e -  the -cry of a dir- :ete-l carve. I t ,  t b -  te xt

n - - a t  icr , how ev er , we’ s~ - -cializa’ the foregoing r e n - u l  ts to t h e  - c r c - - of a strni,’hn

-b a ni l corn - i ’l ’-r ’ a c la ss  uf motions w i t c h  is of ~‘e rt 1c.~ i t i n -  I r ,t ’-r ’ ‘: t i t ;  ‘ ha

ar- -cc~ et pap- r.
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i - i ’ ‘ a ’ ’ i b ~’ I tr y - t a c (- ‘ r I ’ c - - L - c :  ~~~~~~~~ Hi  t i c - b - I  ~n ;m ‘ I i ’ , 2 ,

a c .  ‘ c c , n - “c t i i  a .  ‘ - I ’ a - 1 a - - - i  - ‘ ‘a ’,’p i i )  - c~~, t~~ ~~ I , , a ~c , I i n ’  u t  ~

l I n t I M -  I i - h  t ,n ‘h e  . ;— ‘- xi; c a . - i  t . b c ’ ’ b l - - ‘ ‘ c  ‘ I t ’ I j ’ nc :~ ‘ bc ’ x — j  p I n - t i ’ ’ . -

1: , i~~ 5 t,’ ’ - ’ ,’c i h j ’ ’ t .’’’’ . ‘ ‘ - i ’ , c i , s’.’ - ’  i t . 1 i: , c . I I ’  t d t t t c t t . t t I ‘ ~ ::, - r < I

r ‘ ~) a - , T )  -a t 1  .1 ‘r = - I (~ , - a )  : gin ‘a - a I . c T . i ’  t i  -n j i l t  - ‘,‘‘v ’ a t ’,,-~
- n .  ::, r t  - - n - i  ‘1 It : ’:  UI ’ ~ 3c . -.i ‘ i t .’ i i  a-  - -b a t ’ :  n- - :  ft ‘ ‘ ~‘l , ’ ‘ t c : t , w i l l ,  r e t ’ - -! - c v ’ -  to

Me c - c ’  c - -n-c t - ‘a c - u i p’ i’ ec ’ i a - c c 01’ ~ a t , I .br , - I a ’  a ~~~~~ I ’ e . 1  ‘ - L i ’ c . . i ’( t )  ‘ c - i

= J ( t  ). t b - c .

r ( ’ r ) = zk , ( ‘4 .1)

= cos 4ti
+
~~ 

sin cij ,~ ) , ~~~(‘r ) = ~ (i, ‘-o~c ÷ j  sin ~~
~i t .1’ )

~ 0 ,

- ran z , ~ a nd $ :cre each functions of ! arid i’ arcd a
3
(’r) = ~r( ’r ) /~~~. In view

of ( 14 . 2 ) , ,  the functions and are so restricted that

s in(~ 2
-~ 1) / 0 . ( 14.~ )

It  is clear from ( 14 .2 )  that the directors lie in the plane of the normal cross-

v ’.-c t io r,  ‘1’ th e’ 1’ t , tac t they are not necessarily orthogonal. - From (3.14), (14.1)

c- ’- !  ( 1 4 . 2 ) ,  the  ‘. li c i t y , the director velocities and the director a c c ’c Mr c i t i o n s

t b  Lii’ : ’’  c r c

v( ’r ) vk , v = v (t )  , ( 14 . 14 )

w ( .r )  = w (i cost -~ + j  ‘ir a  ~ ~ ( — I  t i n  -~ +j co-c ‘~ (nc~ n -- c it .  on

( 14 .5 )
w = w ( t)

ii .

~~~~~~~~~~ ~~~ -~~~~-~~~— -- -  — — ‘ a”— —— _-~~ —• - - - _ 
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~,. - ~~~ ~,~~~.r.-~ ’l’—• ‘ ‘



~~(~ ) = I -~~
‘ _ ~~ ( i  - ‘ i ,n  n b

‘ + - ~~ (2 ,&c i r ~j ( — i  H i ;  t . 1 ‘ ., c’ -
~
‘ ) ( t a  I arc c c ;  , ( c . )

a .. ‘~
. -

~ 
— -

~

‘, 1~~, 
~

v ( T )  ~~(T) , w (~~~) = 

~a
( 1)  L ( T )  ; ( T )  (I . ( )

‘n d

w ( T )  = ~ ( ‘r )~ ( T )  (no “~n : . a. .
a a a

n - t i c - a i d  c _ - i - cci -er I bc t i i; ’ ’ fu n c t i o n s  a ,w ,w , ~- a : ,  - t ( ‘ , . 14 ) to I .‘ - - - c - c
a a a -~

on ~ and ‘r , although this d’chn’ccd ’ ’nce han- not b a -c ; ;  - a~’ l v i  LU I i :  i l - h _ _ c - b .

~ls -o , the superposed dots in ( 14 .6 )  to ( 1 4 . 8 )  stand Per l ,h - raa t ’ri’~1 t in ’ - - t r i e r -

t i n e  wi th respect bra ‘r . Now , without loss in p e n ’-r e l i t -y ,  v i ’  nc :,’ f i x the -rl’nrtn--

aiv r i  of the directors r ’:lrt ive to the material  l ine of ~ i i t  one -co y ,fianl ’at ic ,cc.

In the present development , w’ make this choice r e l a t i ve  to t i c - -  pr o -s -nt . cor , f ’i 1 n ci ’ni -

tion and take the dir ’-icbu rc’ to  b orthogonal at time I. ,

= e , ~2 ( ~~, t )  = ~ + ,14 .~~)

where 8 is a function of’ ~ arid t. ~~o- l”i ’ve ~ unspec i fied  far the :actcccer, t an al

retur n to it later in th in -  section . Using ( 14.9 )  and ( 2 . 2 ) .  ti -
~~- - - I I T ” - c t o r n ’ .

the director v e 2 o c i t i e r  and th e director accelerations a t titan - t cc

- xnr e scc mn-I as

= H J~~I 
= 

~~~~

= ‘
~I~~~~~~I 

‘~ ‘~‘1~~~ ‘ ~~ 
, ( 1 4 . l i )

~It should be noted trai t t h i s  c ;p ’ c - i  l ’ IC I ’ t l i - -i’ - in ’  math’ a f t e r  d c ’ c’ c~ ‘ . 1 ~~ n b ~ ~~~~~~
- s —

iont for tr’c’~’ -i ~ r.- ’tcr v ’ i c- n - it : ’ c’ ( c ~~.~~~) ‘ r i c h a c e - i .  r : - tj on s  ( 14 . - ’- .

12.
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* - - t c i l

~~~i 
I
~~~1

_ i ’ c~~j 
I a ” - ’D~ L

1
)

( , i~~J p )

= ~~~~~~~~~ ~~~~~~~~~ 
.
~ 

‘ - ,  (t’~~ , i . ~
, .

. - n c: , tcy 3.2), ~5. a )  cccl ( 1 4 . 1) ,  ‘ a -  i c ” V O ’

‘,-ni :’’re -a paine - t ’tctec’ p’’r~~I r L  ‘ J i t ’ i” -r ’’ c , t- i - ~~r i c ’ f l  witI; a”- c I” .-ct a - ~~ . I ‘ n ; ‘.c -

r (14.10) i - !  (1. 13)
1

, t h c , - r , t r t ’, c - , c i n I d r , , ’ c - c  r n - I , r r i i t : l -  r ’ at ’  ‘ n e  l ’ c c — - l  ions (‘t . l l )

n - - d c ’ ,.’ to

—i 
~~~~~~ 

—2 = - ~~~1z ’
~:2 • ( 14.i14)

Th” i n - - c - c r -  n - i a  l I lt 1, ’ ‘ v- n ; d i l - 1~ n (3 .11), i n :‘ic-w of ( 14 . 10) ,  ( 1 4 . i t ) ,  ( i c . 14 )

- - n-cd ( c c . j ’~ j  - co -n c ‘ - a ’

Z ~2w1 + z ‘~1
w
2 

+ = 0

‘- nd from combination of ( 14.15 ) and ( 14.8)  we have

= 0 . ( 14.1.~ )

Alt-’rccatively , ~4.15) can be written it the form

—.‘ + ~~~~~~ = 0 .

I v , in t.:rrctcc of (14. i~) and ( 14.13) ,  tb :’ b i f f ~ c ’ . c c l. 1:1 ‘~~~c’ i t i a - c n  
~~~~~~~~~~~~ 

for the

mos s density p can be express -u as

p 4 pv = 0 ~1,~~i 0 )

- c c l  this along wi l . t c  ( 14 .17 ) r i -c  - c i t - s  i n  ti , , cc o~ Ot~i c - t t  

— -‘.-———-—~~~~~~~ ~ ‘ — 
—

~~~ —~~~~~~ -~ —~~~~~~~~~~~~~~~
-
~~- --• .‘- , ‘—V- 

- —



p ~~( ‘~
‘:- , _ -

~ 
, ( 1 .1- c ,-

I’ I

c- . ‘ - - c ’ - - ‘ c ri ci a c - i  a c’ -’ c ’ , P ee c  L i :  - t t c f ‘v I ,y.  I I c  a c- n ’ ;  - - ‘- c c  c c, - - - ‘ i ce -  “a d l  -n :

- : i i_t ~~~~~~~~ ‘ ‘ lii C’_ tn - , 3 t i n - c a ’ La ’ cc C L -c ; :  I - . ‘. :  ‘ - c c ,i I l c c ; i ’c , a~~~t ‘ c al:  ‘i L’ ’ ’ i i , t ’  I bo-

a’ , c ’ ’ c’’ i t t  (2 . 1 c c -  c c i I : ’ c c -  0 i I -  c , l i a ’,-~
’ ‘.c c ’ ’ c l e - c ; n -  t t y  ,J ul ’ li e ’  h a t .  ~‘; I I _ I c  

~~
a ad ti 1 . 1  c to I i -  - ‘p - an I a I alto i - c  - - c ~ ( 14 .1) c i a d  c .2 ) , i, ’: i ’ n- t i c ’ i c - - ,

a’ i ¶ c , ~~~, r , I ’  a j ’ -t. in ‘,~‘ h , i c ’ b i  l h ~- n - h a p ’-  ci’ the r ,cu ’c: , c c l  ‘ c c - — c  _ ic ti ac ~ pc:’n - .- L ct :-

‘wo p ’rc— unai i ctcl i r c- i X a ’n- ci ’ . ~ c- ,j- r ’ - t . t ’ y .  I f  W ’ ’  e ’ i c c , i c n ’ , .  ~ i n  ( h c  c )  ~~ , i  i - t , . ’t  i t .

c , ‘ - n .a’’’a’ ‘ - l a ’  angle L i , -t W ’ en one of t l c ’  -tc e c- axo -n - and the x ‘-: c ,x i n  we cr n - , / i , b r ’  n

, ct c ’ rj c - c - th is  ‘a ccc c ; a t n - i c  n’;,’ca cc - t r y  Lb ~~ e c ’a ~ h the rt :-q ,ln-  n - i n - ct i - l i n t -  ‘t t i c , - - ’’  t

t ic - t ’j r c , : t i c  - h -  c’~’ ,c c c - n -  - c h i t  i n - n - S  -d c c c ’ to the cM  a n t o n -n . i . e .,  ~ 
. in

- - c - c , I i c:, ’ - i- i  ‘ca t  under f , h i ’ -  s-e :paratc  t r ana~ forcrrai i,i n- c ia :

~~~~ 

-‘-s  or ~~~~ -.-
~~~~~~ . (i .; o)

i -flee , we conclude that the coeff ic ients  y12 ,y21 must vanish :

12 21y = y  = 0  . ( 14.21)

Next , we examine the r eduction of the field equations (3 .5) . With
2,3,.t

(3 .12 ),  (14.10), (14.13) and (14.114), the moment of momentami equation (3 .5 ) 14

A A
8

3
X f l + d X Z +~~~~~~ X P

a = O .  ( 14.22 )

The expression ~~ .22 ) is r’:t’a r i - I  ‘ c  an i - 1 o - - a t i  b . , wh ich  rd c i ce n -  a”, ’c - l c ’ i~~t lact ic  on

‘,r ia ’ j ’or’rc, ‘ - I ’  t c ’ -  r ’ lb r n - u  l’ : c c : r c l , ia ,nc:  :~~~ c c l  p
\)~ 

~,i t c  t h e ’  h i - i p  c t ’ (3 .12) ,  ( 1 4 . 1 4 ) ,

( - ‘ I .  L I )  - ( 1 4 . 1 1 4)  ‘ ,~ c l (14 .21), tic’: iccutccccLui :c a rid Chi t- ’ , n I .u I -  cc , acrc c a- c , t , c u c i  - q ; i c i t , l -  c c c

re’d’.cc e Lu

,i A, , - t ,Fv ’ t l r c M is a ict ~~~~ ’ 1 Y ‘u n - a  ‘ n - a  r : b - r i - t I  a ‘iI c.l in cc’ W a y  l~~~i t n  ‘ ia
- ‘ ‘- r a : i t j  of r’.y re ’~’ ria~ a ,’rs~,’ c ,r’y Met  c : n c y  La p r c n - - n t  in the , j ct .  In line
a. th t r cc ’  r- cr , n , r3  ‘c a b , ’  iri t I ’ - !‘uia i ! t O ’  , - i’c, ’

~I w i : ’c a  i’~~ . (2.,~ ) ,  i t  c - 1: ’ ; ; t h , I  ic- c ’ c t - - i  t han
crt M it ,  tv ‘ - - icc the develops i c C  b y ‘1’ .i i c ’ - c i  ‘ - I ’ m — ‘ - ‘ ‘ c i , t I c  t - :  t o n - L i o n :  t b c n c t f lc ’ :

c ross—sec t ion  i_ s an e l l i p se  has Sci , c - i - - c  ‘ ‘xp i i e i t l y cl  ilized . In fee t , t ,Ia c c i i —
c lu s ii ’ cn (14 .21) i ‘ i t  1 i r t c l t . , c i  I a -  e - I 1 h I ’ t , i i ’ a l  ,j ‘ n ’ - ’ c ’, j  ‘h ~ - c c ’ y’ i lJrj) t ,iccr. t } n - , t ,  I i .  -ar - n c ’ —
S,-c’tj ,r , 15 a n  ‘ - i i  i~~r e  Ic a c t i c i l y i t t ’  nc : ’ ’ ’ -j i i i  t I c..- - l l r ’ e a t  1) 1, -a l l , . i ; 14.2-14).

I t
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A 
-
~~ 

( 1 4 . 2 - . )

4 
1 

= ~~I 
- I ‘k .y

1
~~~ 1

{( C 1 
+ 

~~c 
- W

I ~~~~ I ~ 
(2

~~ w~ 
f ( 14 .~’)~

I XL ’ ‘~~
‘ -~~ ‘ - ‘ e I 

~Y ’ -
~ )~ (C 2 + ~~~~~~~~~~~~~~~~~~~ 

- (°
~~~ :, “ : t  

‘J~~~~’ 1 . (14.  
~- )

i c c  in- i ’d, -i ’ to n - n ’ - - ‘e ii ’y a ip iuropr i a te  forms f ur  tFi c an - s i - ~c i ’  -d a ’  ‘etor f il l s  f ci r cat

a 112 , as well as the i ca -c ’ t in  , ‘or -ffici -nbc: ,y ‘ ,~~, c j  ‘/ 
— 

, W ’ ’  c O W  rn -tIc’ - cs ’  vcf va n ’i ’-c ,c c;

c , ’ .i ’ e ” - - d j r r t - c , n j c : t c r l  a -nu lt ~ r e c c o r d e d  in t b ’ -  Appendix . In b - - n - m s  of the convected

( : a e r ’ r c-ia c ’c )  coordinat , ’-’ s ~~
1 (i 1,2 ,3) defined u’,’e-r tho  -t -b r ec—di matn sioncj j .  r n -j o - r i

act ’ space occupied by the fluid , as we ’l.l as the ‘ : l c - ; ’ : ’ ,t c tj C  ansumpt ion  (A114)
1, the

l ’ s ’ .’ v ectors g. and th-; determinant of the metric t an - ocr g c r c  given by

= 
~~~~ 

‘ 
= 

~ 2~ 2 ‘

h g3 = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ , ( 14.26)

g2 = 
~~~~~~~~~ 

=

where we have made use of (14.i), (14.10) and (Al). To be consistent with the

geometric symmetry characterized by ( 14.20) ,  the function F , which determines

the lateral free boundary of the jet through the expression (A7), must satisfy

F ( 9
1

,8
2 ) = F(-81,8

2 ) = F( 81,-82 ) . ( 14.27)

F ’-ctc’ic tin i - attention to the case in which the crost- -section of the jut is
~~~~~~~~~

~,‘1 l ip t l cc l  ana l  sp’~ cci fy irig F by

F = (e l ) 2 + ( e 2 ) 2
~~1 , ( 14. 2 14 )

it is cc ’a = r, from ( 14 .10) and (A114) that ( 14 .pk )  ic-c equivalent  to (2 . 3)  . - it t - i - 11

follows from the corabination of (2.5) and (f~
l t )  t ha t  at the surface ( 14 .~ 14) the

I. ‘: e ’to-i ’ f i e j c j n- T a :c: ccu ’rc the form

15.
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I
L = (q-p )g ,

- ‘I” ’ ’~ I t ’ , ‘ i ’ . - -n f - v  (;) .~~, c~~ A lso , n- i c e ’ ’  t h i -  - : ‘xj s of t i ;~’ j o-t i n ’  I c i ,r” c dcl to t i ”

u ’?’ ’ ’!  I t ’ ti r c c , . i C l i i i , t ic ’ - f a t l y force v - f u r  1’ is g iven  by

= - h (
~3 

, (2 . 3’J)

‘ - i - -re we c c - a -  t h ’  I ‘-mporer ’j notat ion j~ for tic ’: era~vitat ic’nc I ‘c - i c c  1, - , c t .  i t .  t r’ - -c-

to-  :, ‘:oid c o n f a t s i c - ca w i th  the determinant of the metr ic  t o -n i cer  
~~~

. ; n - l~-

( 14 .21 ‘
~~~ , ( 14.29) ,  ( 14.30) and (A12) ,  the e ’xprc n -ccior~ac (A19 ) ac rid (A20)

r”duce to

p z ’~~~Ø~ g e
3 $ d e

1
d9

2
. $ ( p

0
_ q ) p~~(g1

d8
2~~~g

2~~9
l

) , ( 14 .3] )

~~~ $ (p q)g2e
a
(g
l
de
2 _ g 2de

l
) , ( 14 .d P )

where p is the constant ( three-dimensional) density of the fl ’x id .  ‘Prc - -  n - -- ,’io ra

uf’ int egration a bounded by ~~a is defined in the Appendix . In the pren -er ,t

c a se , ~Q denot es the closed curve ( 14.28) and a is the section of a surface

= const.  enclosed by ~a. In addition , fr om ( 14.26)

~~~l 2  2 1  1 2g ( g d8 - g d9 ) = - g
3 

x [~~de - ~~ de ~i

= z 
~~~~ 

- (e
~~~~8

’ + Ø 1Ø 8
2 )e ]d91

f z ’[
~~2Z~~

f (y~ e
2 _ c

~2~1~ e’)e
3

]de2 . ( 14 .3 3 )

Ar ; - - x n ~~ i~~ab ion  of tho  -~-xpr - -n ’t ’ i on (2 .6 )  for q r ’-v e - a l c :  t hat it posn’-c n-n-c’s s c ~nc’ ta’y

p r u r c ’- r t~ii ’s  that may be characterized by

= ~~~~~~~~~~~~ . ( 14 .~~5 )
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I a’ c ,“ fcina t, ‘ -c ; ‘1 , 1 fl - - I l l  Ic Un t i c  )( , ,~ 
- , - , - pt n - Ic c  a tac o uc ’c ,~ c c l

a ~ - -~~~

~~] t ~~’ ’ cci; f l u ’ c d l - ’  - 1 4 - p - - c - I - i ” -  not. - ‘• p l i - a l l  l y ‘ c .i : r ’ I ,-y ’ - i  i c c  ( 1 4 . 3 1 4 )  ‘ c i

( i c . ~‘ c )  , I ha ‘ ‘ c i ”  In - n -  Lb  ~ i n t a c t -c c i n - ,  c
_ - i  ‘ ‘ 1  C i r ’ b ’ :: i ’ l l ( ,~ , -~ , ~ ). I.:’ -

• a a ~~ c ~i ;-/ ,

a -I ’ - c - b  t h e  ‘ i t t c ’~’ n - c t  - I c o c a  t j ’ ‘ ‘ -  i i ’ - ‘ c -  I ,n at I’ ta 2 n - c  I c c :n ha~ i c c t c odu  c a n  - I

K - op ic ; 1  ‘
~~~ ‘ y c - c i c a ’  - t  t ’y ( 14 .  2c )  ‘ - ‘ - i  ~~

c . s ’ ’ )  i n , - ‘d c - i  , a-  2 , - i c C ,  c ’  “ cc- b -- n - i n ,-- )~ - - c : u J

on tb- fl cia - n c  e ’ l cc ’v c ’ ( 14.2%)

B = cna ; y, B = n - i t c x , C~~~ X~~~~2i’~ . ( c ~~. ’y’, )

c c v i - w n - f  ( i ,~ a t 4 )  c , ccd the : - y ’ - i a c  t i’y of the t-:s i;~occc ac-:- : :,ric2 fc:c .%joc,n in

a -’ cc ‘an - sh y ccccclcc cic  t hat

qdea = 0 , ~ qB aB~ dB~ = 0 (~~,~~,y = 1 ,2 ) .

‘d W Icu t

~ qeade~ ( 1 4 . 3~~)

n c ’,:I 025cr -a c from ( 1 4 . 3 5 )  and ( 14.36) that

h~~~~~2 ,~~1, 9 )  = h22 (~~5 
~~~~~ 

) = -
( 14.30)

h2 j 2 ,~~1,8~~

:i ’:rcua e , crJy two of the fc ,r functions d e f l t , n ’d  by ( 14 .3 - 14) are independent . For

: - , r c v ” nj r ’ r ,C ’ , W ’:’ c -u t

12 c j
h = cc j ic 2 (l i . c ’

‘~ ia ’j in what  fol] c:w c- a ’xnx’ - n n -  ‘cli i c , t — , r c , t n ’  u f  the by] - -: (14.38) in I- - m s  of h and

ci. ,~ ft er p ’r ~ ’orrr c i c , c  tic’ i r r u - -:r,,clc c , Ira (‘..inI ) c-nd (i4 .:2) w i t h  Ma- h a I r

‘ ‘ t4 .~~ ) to ( 14.14 - ) ,  We ic Ltc-ir~

“i

1’7 .

- --~~~~~~~~~~~ ——  ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ — ——— - — -—— , — - ~ — —-— ———.~ - - -~ c~ -“ -‘— -—-‘ c’~~ — —- r ’--—~.’.” -



= z ’[- p~~~~1~ 0g + 
o - c I~~~~~ Z ø2ølz~~~i~~;, , 8z )

~~~~~~~~~~~~~~~~~~ 
9 ( ’ - ~cn c ( ~~1,~~2 ,9 ))e

3 
, ( 1 4 . t 4 i )

= 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘

XL
2 

- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ , ( 14 . 143)

h( Ø 1,Ø 2, B )  = ~~ q cos2 x dx , ( 14. 1414)

= - ~
‘ ~~~q sin 2X dX , ( 14 . 145)

in view of (14.36), ( 14 .3~ ) and ( 14 . 140) .  We do not record here the explicit

expressions for h and m , since they will not be needed in their most e”en ’:’ral

form in the subsequent development . However , it may be noted that  due to the

additional symmetry of q when = 0 the function m sat isfies

= 0 . ( 14. 14d)

Als o , by ( 14 .39) 1 and (14.14o), we have

m( Ø l ,O l, 8 )  = 0 ( 1 4 . t 4 7 )

c-u Mat  m vanishes identically in the absence of twist (8 = 0 )  or in the case of

a c i rcul a r  jet 
~~~~~~~~~~

‘:- -xt , we use (AlP) ara d A21) to determine ~ and From ( A l a ) ,  ( 1 4 .2 -

‘i rc i  ( 1 4. 2 ) ,  w i ’ obt a in

x = p ’rt z ’ø 1~ 2

r h - ’ notion ef twist and the conditions c c r u c j u r  which the ,1 et is cirn - ,oIa.r wil l L i?
:c ,adi’ more precise in the next section .

L _ — 

i 6 . 

— —



which , t,o~”th er w i t h  
~~~~~~ 

i i i ’ )  (14.l’
~~2

, i l l

P ~~~~~~~ . ( 14 . 1 4 ’))

Jnce p icc i - c , c ; n t - ’ , n - t  , ec ocrc p cc!’l n Cr i of (14 . 148) and ( t i . j )  i c ’ ; ~~%u :a t n -  t h a t  c ’

= P~~ = coas t .  • ( 14.5 ’J )

d m n’~ .~ ,g ~~4 .~~ u )  i n  ( P 2 1) ,  we ‘-i ~ c , j f l  ‘ c t - t , c j f l  (14 .t i ~~~~ an ’)  l -h~ ’ v c ] , c ~ - c c

11 22 1y = y  =~~~ . ( 14.~~i )

Finally ,  if we use ( 14.14i) to (14 . 143) ,  ( 14 . 143),  (14 .2L) and (2.51) ic y the

fi”l d  equations ( 14.23) to ( 1 4 . 2 5 ) ,  they becom e

A

= [~~~~ + ‘-i~ ~~~~~~~ ~~~~~~~~~~~~~~~~~~ 
+~~~~2 h(~ 2 ,~~1,~~~)

~ e -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ , ( 14.52 )

Al
A(

~~ 
- ~~/z ’ 

~ - ~ - c c - -
~~1Ø2

h ( ~~1,Ø
2

, 8 )  + 
~~~~~~ ~~~~~~~~ ~ 1 W1

) ) e
1

+ t ‘~ 2 ’~~z~ 
+ ~~~~~~~~~~~~~~~~~~~~~~~ ,‘ ( 1 4 . 5 3 )

(
~~ 

- ~~/z ’ ‘i,, [-p -~~~~~~~, 
~~“~~i ’~~:- ’~ 

+

- c~~
? c . ~~~~ I 1 

~~~~~~~~~~~~ ‘- % n~i . ( 14 .5 14)

‘,~i- , ’-re w L a V ’ a  p’~t

p ~~~~~~ ~~~ 
. ( t4 .~~ )

In the sp i r i t  ‘f  t ic - :  - i - ’ v.’l ,,c j ’ c nc ’ - r c t c ’ - - , t ~ned in a L’~ A pT’’’c.’iix , We note

~ in a n n - s i  ra c-’ tha t p a - a I r ,  2-..’ r I  ‘ c t -c ] l ,c: c i ’ ’  ; - i ’ ’ — c  c , i ’ ’ - a Iii the three—d icc ce’rsIn-rcl

theory. To see th i n - , we wri t ,~’ the a c urarl r cc i r c . r ’ - ’ U J u r c c c”  for en icccor ’ :J ’x ’ o-c’ c’ iL-  ia -

15’ .

‘c__ ~~~~’~ 1LI~~~~



f l u i d  i n t h u  form

- p o ’ .

i f  ‘.a ‘ - c c ’:n - c~~i’a t i n - i t  n in - t ic ”  i c c t ’ - c a r ’u I ‘ ‘ci res~~~tant  el’ T’ tla’ough I.-l , ‘ c J ’’ finil , iu , c ,

~~~ ~~~~~~~~~~ wi t h l i c e  h e l p  ‘c i ’ ( 14 . .i14 )1 a nd (14 .2o )1 2,  a ’-  i v’:

— ~ 1 2 1
P = p 18 ‘i9 -_ —_ p c i ,  , ( 1 4 . -n - 7)

~~c~~n

al - re In i t ’  Un ’ ‘ ‘I ‘-m a-n t of clrc- a in the normal c’rcca’ ca—n’.’,’t,ion of tb ’- - jet. ‘ l ’hcAc:

t’ c’u:-cc; a thre,- -d,icc c ’ -can - in-nai l point of view , 14l~~2 
is the re- nultant force c m i , -  to t h e

c r - -n - c ar e p on a cross-sect ion of the jet and p/~ r . . -p r ” c ; ’-nts  an average j n ’ - .- n - c : ’ a r e .

: r  w~ - d--rcot ’:  this n v - . - r a F i -  pressur e by p,  then ( 14 .55 )  may be replaced by

p = 1~ 2 (~
’- p )  . ( 14.~ 8)

20.
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•~~~~~~ - — •-~~~~~—k~~’a- ’~

--- 
~~~~~~~~~~~~~



5. Adciitiuc n , I i , j c c t c i , c a t , l n -  a ’ t : ccn i ’l a ’x ’a t i ’ ,- c ; c ’ .

I t ’  t 2  in - e - i b c ;  a -  - - -: ‘ , - ‘ c - c n a  I c c  ‘ 1 - n ” i - : u 3  1 :~ 2 I c c  - “ c i t  1” : .  ‘ i i ’  n o  I a , I , - - ~ ‘~i I th

‘1’ ’ - c - c  c ‘ - ‘i - -c c  c i ’ th ’_ - - i i i ’  e l - c i a ’ in t i c ’ ’ p l a n ’ -  c , u , i ’ cc ’c i  ~ a c  I _ P i n  ‘ ‘~~~ %‘ ‘— i  t i c ’ -  ,j ’.d _ .  I r a

p ’ s  i c n n l ’ c r , w a - - u 1 ’ -c u ’ ’c u l  to th e ’  i c c i ’ , -  — ‘ i i c ’ c . t ’ a c: i ona l ‘I - a-” . L u c c c c n - ’ r c t n -  of thea  cc - c -i c  - - q c ; n a i i a n - r c a c

‘ - a i t ,l 1~~- ’cI in, i - I ” ’ ,“a pp-- ~ ai i~: to ~a t ’ : v i c j , -  ph~’n - n t,- cc I I t n - c  ‘214 a r - t o  +,f ; ,- n - cn - I, -r ” - of r i - -  t i n e —

‘- ‘ Y i n  i c - a c - c u - I ’  n c c c l  -
~~~ 

t - - l ’i r c t:’d by (11.7)
3 

fec’ Lu~ dir cnL--el f t - c i t ,j c ’ i

F- -f - - rr ’-~ to tb:  cn- r’ t ,c uo c. orcn:,l c ,.,n - jn e,  in tr ~~da ,ue- ’~ ~n s - - t a b l e - p 2 , 1 l c e  t } , r a - c - —

ti c - , , -c , : t t c~c,i v e I o u c i t ~-~’ f ield v in (~- 2 )  n - a nt 14’ ‘:xpr ’ n- c c c a t  ‘ c ’

1 2 a
= V I’ + 

~~c 
• •

l” t’Oci (~~.i)  a c iu d  (2.2), the component at ’ the v o r t ic it ~’ vec tor in the direction

of the j’:-t axis at time b is c~ 1cu1a t’-’d to be

~-(cur1 v ’ ) . c n = ~
-(

~~~~~ 
- 

~~~
-) = ~~~~~~ 

- (5 . 2 )
~x ~y I ~B 2 ~8

1, -t D - i’ I1C ’t-2 the rate of’ de form a t ion  t , , r c n - o r
t 

wi th  a:cc cc f ) C ’c n - ’ r I t E  d . .  r ’: iat ive to

Th’-r;, d12 represent s the rate of n-hearing in the plane of the cross-

n’-ct ion at t ime t and is given by

112 = ~~~~~~
• ( D .  ~~

) = + ~~ ) = ~- i~~~ ~~~~ + ~~~

‘c t c n ’  id--i’ r~ow t l , ’:- approximation A .  5 for P c -  thi’a: Lm’ n s i cr c a  1 v - I  c -n - i t i ’

f ield in  t ic ’- f luid. IJsin~-’ ( 1 4 . 2 ) ,  ( 14 .6)  acid ( 2~.11), (A 15;t 1 t akes  Un~

form

~ W~~~~~
1 

- c c ’ ~~~9’ ) e  + 
~~~~ 

‘ ‘~ 1:i~~
) t + \

~~~~
.

I ’ u l -cct i tut ion of t I n - c  appropriate eOt - c l c , n , - : l t n -  Of v - ccc n-’ t  i a - n  t ,, (~ .t4 Lr. t-n- (5 .2 ’ sal

( 5 . 7 )  y i e lds

‘ -‘cnl~ t r ~c, c , the n -’c b ’  of -~ ‘ ‘t a ’ z ’n c n t c c t c  I - - a - n -  i n ’  c - c a r ’ - -  I ru t i c  n ’ ,’cc j c , - c r ~~C J~’r~
f ’ ~ h - ,‘r ”’Ii--nt -f ’ the vi ’l’’ri ty v ’.

-‘ — ‘  
a” -‘ -- -—— -



~-(curl ~(w1 
I 

~~~ 
= 

~
( a .  5

t 1
12 

,~ (w
1 

- w2 )

Pus , t i e  rotci t i’n-cc compt ’rca ’cct -cc c ,
~~ 

and 
~2 of the d i re c ’ ui Vu- loC j t , I - : : ’  n J  U ’:- n - - c m—

b x ; ~-d It: t h e ’  ma c cc indin - :,t - - d by 
~~~~~~~~ 

to n - u , ci ~’~c c , , ’ n i c c ’ i l t j  r c ; ’ ’ a c : i n g f - u c

~i c c c t ; t i t - i e S  , ‘ ,c;d it, c n c u y be us eful to adopt a and y a n n  a’ i i  ‘ ‘ , ‘r ;au t i ~ e t i c . - n - c a t ;  an

:‘i r ’ i a ; i - J o s  w i c - - nov -r i r c I , - rp r ”t ,ru t ion  is important. ‘a- - c a - i l  ‘ii the t jn-j
’Lc ~ and

~ 1 2 - .- s - c t i a c ; n ; c shearing in the j et .

The i ’ot e t icnc  of t he  d I a ’ - c: t, ca r n ’ cany also give r i c a  to a chon ~p’c:’ in the ’

- r i -ri, ’- r n c r  of tic’: -: - I ipt~1a’ cu i c r o n s— se c t i o n . in orci -r to display Lt;in- ru

ship explicitly , we need to dispose of some preliminary analysis based upon th’:

r n - n - I t s  r- cccrda’d in M c -  Appendix . To this end , consider t he posi t ion vec tor p

of a typical  point in the three-dimensional body at some time T .  P ecalling

as well as ( 14.1) and (14.2), it may be writ ten as

p (~~) 
= ~~~~~~~ = zk+ ~~~~~ 

CO S + 8 0 2 
C05 

~2
) 1+  (B0

~ 
sin 

~l 
÷ e2~2 ~~ ~~~

It follows that the position (x ,y)  occupied by the material particle (e1,e
2)

cit time ~ in - ~;ive n by

1 2
x = 9 0~, cos 

~~~~ , 
+ 8 cos

(~~~.‘ )

= ~~~~ n - in  + 8
2

02 sin

~~‘ ‘:I” s i c , ’: -: w a r  - con - ’ r i - - c l o nly  w it h  - i t - t ,n i l s  in tic ’: n - r c n - c c — n - - o - t c c r :  c 2 n- .. j e t

w e -  n - it - - x I c I  in-It c- - f -  c- - cue” ‘ z ca r ~~~~ . I r - v ’ - r t b t , ’ ( 5 .7 ) ,  we - n - d I n - c

22. 

~~~~~~~~~~~~~~~ 
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x n  i c y  - ‘
~n- , — 

~ co~ -J ,

~~~~~~~~ 1

- 
- e’ -- - . n I cc -

~ 

y n - ’i :u s ,

v i:- c’ :

= a ce : -  njc’i -2 — n - i n  ‘~‘1 n- n- -
~ a’i r , ( -

1 
— /

a’ ~- r’ ~ c c c ‘ ‘ ‘ ‘ a - n  r- - ~ “ c i e cc l ’ ( 14 . 2 )  . ‘ c t w i n -  - Pr ’ - - n - ’  n -’ ’~~ I a ’  1 ‘
— c ’  - ‘ c ’ - ; I -y

I a — c v  n - i -  cc l -  -x~ ‘ i n n luc a ( 1 + . ‘ “)  . Pl ain - , n- f t - - i ’  suc ‘ cc ’  - p 1: , : ’ (5. Sc) in to - - 
- .  .2 ’ ’

- ec ’ nc ioca - , r, ’: t c:e t c Cc ~: I Lion of the ‘x’ ’:e c - cr’face i n .  i ,b aa ~ 1 c n n -  of’ n-br ’ t a ’ : ’ ’-! ‘; j ’c  ‘n - —

a n t I - -: of the j~ t ac t :,r ; : c ! ’ c - I  - r a y ’ :  t ic: ;-.’ T. thin ~~cc , cin to c P u : - : X b ’ T ’:’ si- - c

2 . 2 2 , 2 2 , 2 .  2 , -n - i n  
~2 ~~~~, 

.‘ifl  
~l

” — - “2 
n - i f l  ‘ 

~2 
I 

~~“ l~~’’

(
~~ cos~ 

~~~~~~~~~~~ 
con

2 ~~2 = 
‘a

a w1 - - -:n-cuwn fear’nc’uici , th e’ angle -~ bhci t a c-e’n -2La .x i~ of t a -  e l i i ; ’-~ n- (5...- -) n - a l a n-

a’- :ct , , , ’,’e tn- the t’lX a Cl : ‘ a r t e - ,~( .j cn x — ’ua ‘a n -  Is ~:ve-rc app

sirc 2 1’ + ~~~~~ sin 2~~,. ,
______ - 

. ( 5 .  _ )

cos 2’~ cos

- : h-n -c- , 9 is cc rc: -a, rc a,c r -  - of t- no - c - i’ i c r  t -u t i c t  an: ’ n-hi :  ‘~i 1 in t i c a  1 c r - : c - n - — c -  “ct ~~c :- t .  -n--f t b - -

j ’-t  and , in -  a i’:w of tb -c  (li _ n - - - c n n - i o n  ‘acr ’-c ’:Jin , ’ (P  . 22)  it i n  e l e c t’ n - h :c~ 9 it ,

(5 .  :1) acca : ’  be 1:1- -a’ i L l  -:d wit l  i t n  - :c’ip t r ’r ’a -- c a r ’ n- in 14.a’a )  at  I ra -  t .  ~~~~ “ ‘al q

-~~~~~ I n-i’: a’ ’ - ’,n ’ i a , r : ’ n~ 
- r-’ i c : t c - t i O c ,  — ‘ 

~~~~~~~ 
~~~

- 1 - 1  a a ’ i c t . -
~~ . ‘ t c K i r c ~’ t I n -  c- - I - - c i -  - a a- .-

~~~~ -w

~5 . l1, .  - - - .‘ a , - n - t :, , ’ ’ , a-  c - - c dt  at  i - ic , -: itn-P r ,, ca “ a -  n-~

= —‘-—i’——-—---—- ‘ - . ~2 ”
—

- - ‘hid , is c r .  - -x nr ’ .’ n i c : c -. for  ~h’: ~i a , ’- c ’ I -  n - I ’ cc t , c c a ’? of  t h e  c’ L’ a i u ’ c .c ’ i n - ! I t  “~~i~~c .

*
- , for’ - -x ’ r,n I  t , ‘ ca- ic  j , c - . ~ ‘,‘P .

2

_______ ‘—‘ ‘ - .~~~i’ ,,’..:,.- -‘.‘~~~~c,c -~‘~- L , .— -‘-~~ — -‘—r~~r.,~,c’ - -
~~~~

‘- ‘ ‘  n - ’ ’  ‘a, -’c~- —‘ _ ‘ ,‘‘~~~~~~~~~~
-_-



c t  ~~~. ~~~ call e t i c ’ :  ‘ - i -  c I  n ’:e- t, i n c c i c I L r c l ~~ ’ t - - c . .  I~I ,  ~~~~~~~~~~~~~~~~~~~ of I ’, ;- -

- : ‘ s ’ a ’ ia t ’: t w i t h  ‘ b . . -  c p - ’ i t . i a l  ‘, - - r ’ i a i t I i n - c c  , 
~
‘ 

~~ 
t c ~~ ,n - . ‘n -~ ‘n ’ , f - - t - - ’f-i’ ’ ’c ’

‘ c c -  c - - ’t’i- ’: - cc fi c :i cc I I -  io n - au t~~~j t  I c - c’ cc c i i  -
~~~~ 

- - 
, • c . - , i .  • c-c’ c - i c - - i ,,’ ‘F , ,-

n - -c  c’ 1 c ( c - ,’~’ , Jj r1 1? I ’ - c  - i :  c’~ 1’ i n  n -ti ’ l t c t  - r n- ‘ I - L i ’ ’ ~~ 
-
‘ r n  n- . a a 1 4 - c ,  ‘ c a t - 1, ‘n- C- Ic

a , ci: - -a , - i ’ Lb.. ’ k i c r : . , ’  t i n - c c  of a t  l i i ’ - - ‘ c - - I - - c , - - a , : ’  
~~ 

I -,‘ c .  c ,’ a I ea t .  , - - a

‘ 1 ’ :  c a d - . [L i a c u l  t i :  cc ’ n- ci t  14 v ’ - l o c a i : c ’ ’ c , t n  I a - n - c ‘ ‘ ,-: n t c c i  Ic: cu ’  r o t ’  t i e r

n - Ic - Se o a c t i c c ,crn -  ci- cn - ’.’ aa “ n- I l  ‘:1

d ” d (5 .l~~)

I ’ , - c a n - c  a” c - - c b n  of t,ha i- 1’~~c~-~- a c ’  of the  d i r - - a n t  u rn -  along L1 1 : - n an - ca -- -a of ,~~ . “ i l l - b c

(2 .J ) n - ca d (5 .13) ,  f~~r 1 ,1:’ t a i  nted j e t  we have

- 1 , = ,, , d ’ . d = z ’~ ~ ,, 9
- L. .~-.1 ~-2 1 - z

(5 . 114)

~~~~~~ = - c c SI , I 8~ ‘ 
=

:‘ncc e , i n -  th e -  sp u n - i d  c’~c-e wi - c .  n - ic ” J cr ig th  of en- oh  director is ane - r , c: tant along

c , t h e  ~~~mess Cn - -r ’ r - - n - p c : c i : i c -  to the twist.

t -arni aa’  to (5 .12) ,  wo tiotec ta n - u t this i -xpre n -n  ic- n for B in - a pun- - ly kit -ce —

mat in - n - i r’ cac -,ut  ‘ad  r -  a t ,n - on t a n -  - -n - ta i i,i : h ’ ci conna o t i c a i c a -  betw~~- ra Ph ’. c ,hn --e r v 01’ a

:r ’  c~~’ -i c -x’ :-rn -  at -i devn-c ’Ic c n n -  r :tn fr a n’, t he  t ’cr n - -ca-ei iia :ecan-j onal  t h e - o r ,- ’ . %L th the I:~ ip

of (~~.5) w - racy - xnre ss  (5 .i t  ) ~r: the n -lt ’ :rn a t i v e  arid p n - -r }caic - s tc col’ - - r , ,’ a a c , i  i c c,:: 1” c -n -,

2 Ii
~

9 = -,.. 4 v 1  5 ; . ( t . 1 S )
— -4,

-

“I, ‘fl

P’t-air ’ c : c c : ’’,e s tr  ‘- t n - a t  1 1- ’ c c i  ion -a l  r - I t  t i c :  I : ’ P c i - - to n - c : - ’ c -  - i i c a c - .I c ’ c c c - r i p ’  c c ’

II as t i ’ :’  - - 
- - I .  n -p i n .

I t  rca, -.’ c c c  c ,~,,I , ’’’ l ‘ c t ,  i a .  ,‘‘ - : ‘ - r a l  : - ‘ ‘ ‘ L i i  r , c a l  c’ u tc , t. i oc, ‘~- l I , I c a n - c e c~ c ’ i , : c n g ~ in -  t ’ c ’:
‘-wirt. ‘k’- ic-c— c ’n-ra -rv ’ I,h’-t , n - V i P  l,hO:wh ~ rca’ -,’ vc n in l, ‘ ‘.‘ ‘ rywh c’ ’ -  : ~ , t b c ’ -  5 - - i

‘a. ‘ -~~, ar’ , c~~ ~ I t w i  c-t -  . Thi s  is i, ’ n n , u a  — = 0 ccn - : 1 I n n -  - c i:-: n - c a t  ~ I: a a
a 1 n - c  cf ~

‘ ‘i r d  c u t  t i n t .  au In - cac ,n s t a i nt .

I I I

— 
“ “

~~~~~ —‘—~“~~~~~“‘ “  — -‘ - -‘-‘ ‘ ‘  - - ‘ .. ~~~~~~~~~~~~~~~~~ -k—’ - —’ — 
~~~~~~~~~~~~~~~~~ - . - ~~~~ - ‘ :~~~~ - - c~~~~~~~

_ n ”’ - -~



* n - i c c n -~ ’ t I :- - n - eL l a - i a n - i  - c - I -  r i i , a l , i ’ cu  can b ‘ : i I t i c ” l  o~~y w I t -r i 1,1:- ’  j ’. ’L Ic:

c , ’ : - c i c c i c ’ e  .,L a r , ( b . c l )  i c c ’ ( 5 . 1 ’- ) c c ’ , - ‘i ’ l l  id  a , :  c cc ’  c i a ’ 
~~ 

/ ,5 .  ‘ I I , ’ -  a - - n  - c , f  a

- c  n - - a l  ‘ c i ’ 1’: ’ n- c t -  c ’ - t i - c - P- -ct  n- ’jc :, c’cit - ’l ,y. I t ’ 11~ 1 c- I l - n t - , , -;’ I i  t n t

- I- i h e- n e c e n : ’ -c - ,- , c r c ’ :  n - c l ’ 1 ’ j - ’~~- c c t  c ” : c n - I j t j u c ; n  P c ’ ( 5 . i o)  to r ’ j c ”  n - - n c a n i l e

2 , , sin 2- 1 - 
1- , n - c n  — ~~ = I)

1,’a , ’’ ‘- ‘A

1? 2
~~ , n - a n- 2’~ ~

cl 
‘c-n , - ‘e~ = 0

n- i n c a , -  ‘ n- n d  ~, a - c o o t  ‘:‘c I ; j n ~ c in ‘, i - w  e f  (3 .1 ),  ~~~ ( 14. 10 ) ,  it P a l ,  c .n -  i n - c i t
3

tarc 2-1~, = tan ;-)~~~~~ (5 . - 7 )

- ad t n - n -  ~:crc iy solut ions of ~5.17 ) ‘c cr n- i . c - t - ’rc t w i t h  (14.3) are

“I
= t — ~~~ - i~~’

~1 ~2 ’ 2  a — ’ . - )

P, -w if w- , nubst i t u t e  (5.1~3) into ( 5 . i u ),  we ob t& ir :  tn ’:’ r e su lt

= P 1 (5 . l ’c)

an - i - n - - ’ i n -  the r ad iu s  of Plc ’ :  d r - - i “r j e t .  In n, ’ ( 5 . i ’ n -- ) and (2.6)  in  ( :  . 5 ) ,

,“ also have

‘ii i L -L Ill . ( s .  )

‘~~ ‘----S

: 1 - - “cc , t :  ( 5 . l -  I ,  (‘,, . ) c a r ’ -  ‘‘ ‘ l i d  L c r  iun -~ t~ ’cae T~ :1: l - a a - c , 1  l a ’ . X ’ ’ C ’ - i ’ i i t t ç

mu (5 . l ) ,  w ’ -  da: n- ,y i J ’-o~~i~ ’, . 8 w i l l ;  ‘ -c i ~ ! ‘ ‘ e I~~c - c a l l  ‘ ic::

= -:~ 
= = -

~~ ‘ (~ .n-i)

1
n- c . : 9 r ’l’ ..’mcc or .i ,v P a, the or I a - c t , - , I, I a  r, of tb: ’  c . r t c , a- . .a’cc’ cui d i r aca- tc - r  c”~ i n -  ~ ic ,oe

‘ c , ’ :r ’ n- c c — c  ‘‘ ,ct ior ,  is now cucnp ’ ’ t ’ - ’ a .  - L, c n c. - ’ t I - i c .

- — .— .—‘—‘——‘——~~~~~~~~ —-—-—-- ‘—‘-— - — — —‘ 4’—— “- ‘.



N ;’c’et’n--r e , I I I  t b ~’ special can ’. - of ci n - i c ’ d ’ c , ] u ~r i t t ,  w- c: ; i y : : L n” !:] - ,, ‘ ‘ -  (5.5)

c c - ! (5.12) i cy  (“ . : ‘~ ) ‘ , c c u l  ( 5 .21) ,  n- :‘p ’ - c t l v ’ .- l y .  ~c’: c’ n I t  ( ‘ - . I ) - “ a c -  I c -c

ch a i n - ’ - : !  J j r ’ ’ C ’ t , J \ ’  fr -urn ( n - . i , )  or (5 .15)  c c c i ; , , ’  ‘ ‘c ’ - : i ;  c , ’~ n a n - - I t c l n - I I ’ a T ’ L i. ’ ,’ ‘ a t , 
~~

i c c  ci ‘ ‘ i r - c:J c i ’  j et , 9 in -  : i s n - u c a i a t - a -d w i th  the n - r i t a ’  r ’.,- t  c i i i  a n ,  of i i - . -  - I i  a ’ - -’-

i c ” i r  w t c i a ’t: , by ( t . ; ,i ) ,  is t I c ’  n- un,..’ c c c  n - I c e -  ,j a ’ t  : c p i n c  ‘ c i  - r ’ - - - i c - a c - i , I ’ ,r ’  , ] -  t 1,wj n t : :

I”  ti .’ ’ ’- c - i  c , t . ’c t i aan of the cj i r e ’ctoi ’ pair in’ riot C C: , : ‘ a . t ‘ 2101c I t s  1 - - c , , ~~ i , .  P

- c r c - - , dt,i ’: to the symmetry a - i ’  at circul a r , I ’ - ~- ,  cv i  ;i e t , c  1’ ‘ w 1s t w I l 1 n c:’ t, ‘c,-

ci l ’2 ’ :ront in tb: ’ shape of the free si.~~face .

.ce-rtc ain problems , the jet  may ‘cxp ’:r i ’-nce - cc t ,r ’cn : ’ it i c :c c  frc:cra, air, cU lt - t i  c - u i

n’ c n - a c - n - a c t  ion Pc- a cir cular one . This may be -ac- :c;rar ,uda l-’:d by r -  u - i c - i n n’ 9 t n -  b e ’

~unt Ic’,uouc - cit  the t r ans i t ion.

21’ .

• - - __________ —- -“~~ r~~~~~~ —’— ~~~~~~~~~ 
- -~ ———.“- ‘ -



‘-3
‘ - . An iciv in -old c l i  rocct , ed  fluid jet: I’-ome - ~~-n ’ ra ,1 r ’nu1 t c - .

n m - - n - n- r a ’cc ’[’;c:nse ’ In P i c a ’  t t : r ’ - e - — d i i n ’ ’ c c c c h a c , : i l  t 1 4~~u i -y  c c l ’  ‘ n  ic : ’ i I n i H ’ i  I c c i i

i r volet ’ s c : ’ r c I y  a icy Li’ n t at i c  pr -c- sure .  If th”  f i ’ c i a i  i n  nc ] : : o  i r ’ , u ” c , c a ; c - r ’ ’ , n i b t e , 1 - i , - - r :

I 1cc or ‘ - :c ccur , :  l c e ’ c , anc , ’ s  ‘a n  a a r b i t . r c c r y  -accnntrai jnt cc ” -c ,c ,n - cc; n - n -’ 1’ ,n - , ’: t i c c ,  ac ,ai t P c -  c i t  - i , - n ’ - I

‘ ci t. c: a t ’ th an- :-‘Lr ’  c - n - t’ t - c : i a O t c n - - ‘.‘ c a n i s l c ’ ’ c ;  i c l , r c t I e c a u i l .  Ky- -p in, ’ 1 - !cic ’ i,n cc: ic ,d , n - c -  I a :

w - -  el -finn -’ an m i ’  ‘cc: ccid incompr’ - n - n - i l - l~ -’ d i r e ct -  - - I .  f lu i d  J r . i t i l c - ’ - amn - uccpt icjr,

‘-, t

A A
(6. 1)

Pccbst i tu t ing  these values into ( 14.52 ) to ( 14 . 5 14 ) ,  we obtain

~~~~~~~ 

-~~ p~~~1~~~g ~2~1
h(~1,~2,e ) +~ n-~2 h(02,~1,~~)

- n - )m(~ 1,~ 2
,9) +

p + ~ 1~~2 h(~~1,~~2
,9  ) = 

~ up ’
~~~~2

(~~1 
+ -

(u. 2 ”

~

p + ~1~2h(~2,~1,9 ) = 
~~ 

+ -

-m(~ 2,~ 1,O ) ~

‘n- i-c - -re we have omitted the superposed star from the  gravi ta t ional  conot a in t

• 
i n ,  a ‘ncmpl’:t~ theory ,  the equations of motion ( o . 2 )  must o’ ‘ n - c p p ] .. ’rrce ’cct -c i  icy

‘1 n - h ’ -  ir cc c aca nrpr ’ :n- s ib l l i ty  condition ( 14.16 ) and tn -  n - en - cit : ( 14. ’ )  cccii (5 .12) .  In

the r e - n - i, of thin:  paper , for c c - nj vu n i ’-n e e  we r’:f’ c ’r tc - t o e  n i - r a i f l ’ , t , icc’ ; I n - a c i d

ir ~c :o -r ’cp r ’-ccsiL t 1e:  directed fluid jet  characterized by ( 6 . 2 ) ,  ( 1 4 . L n - a ) ,  ( t i .~~ ) ::cc a ’I

(5.12 ) as an ideal J~~
.

‘;.e l c t v ’, n ’-ilready seen from (5 . 2 0 )  t h a t  t h u  s-  - eL ia .cud  sh n - c , r i c c c  ~ ~ cir ,~~n h ’n-

i ’ i - ’ r ~tica11y in the special casc of ci c ircul ’-c ’  5 n - .  w i t h  r ’’f ’r e c cc a -  t o ”  r, j a i l 

— -‘—~~~“~~ 4~~ “-‘ — —  ~~~~~~~~~~~~~~~~~ ‘: ~~ 
-,~~ : “~~~“a~,, a ’~~~~~~ - - “~~~‘~“ 

__________



, We c c i -w i n - k i f  I L ’ ’c ’ ’, ’ n - c ’’: a - I t t’ ‘ c i i ’ -, ’ ,c c ’c ’t,cicc ’ ’ -c : f- -i’ v i l a d ;  l , I , u -  5 ’ ’ ’

c -t i ’  ‘ a n - ] cc c  Is ‘ in - n - ’  :- n - c  - . - c’ cr’ cp i i c c  i t , , ’ , v - ocnit c ’ ci ’ I ‘ a - ’ ’  I , - n: 14 : - ‘ c l  c -c -

H Ii — m .~ .

cc - 
~) . it [“ - 1. 1 awn fi’ occ ~~~ ‘~~2

= ‘~~~~— = -~~ S

nc-c ’; j - 1~ -d ~ Ic - S r ; c  t, ‘, ‘~c , i , ’ i, , i ’s -cc” (. .2 )
~~~ , We’ I ’ i , c , ’i

(“ .5)

c-i i ’  rn -  ~ in - i c : t r ’ e c l c o d  tn - c’ eoc: vu-~~ ence. With tt’c ’ ,c help of (6 . 3)  to ( 6 . 5 ) ,  - -q~cc u -

n - i t - n c -  (6 .2 )
2 

c- in- i  (5 .2) 14 may be combined, to y ield

(~~2~~~~2 )(~~ ÷~~2 2
) = 0 . (6 .6)

Ion -ce , we cor~a: i ude that

‘~l
”
~~~2 ‘ (6.7)

- ‘ unl ess

C + C
2 -w 2 

= 0 . (6.8)

~~ c-  n (6 .8)  is a c t  sat isf ied , it  follows from (1 . 14)  and (6. 7)  tha t  t h e  5- -P in-

c c ir ’ccilc ,r . It  r ”mc dnn -  then to examine the implications of (~ .8 ) .  From (6 .8 ),

(‘ .
~~

) to ~~~~~ and ( 1 .2) 2, W ’ L a A \ ’  p = 0  n -n d  in tegrat ion  of ( t .2)
~ 

five-n-

v = ci, + f1
(~~) , (6 . ~

)

w b”r’n f1 in ’ -  an ‘a rb i t r a ry  funct ion of ~~~. : [ ‘ -x t , from ( 14 .7 )~ we have

2R .

— 
—, ——“__‘—__ 

~~~~~~~~ ‘ ~~~- -  
~~,~~~~~~~ ‘- ‘ ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- ‘ — —.- ‘—‘ I~~~nnn uc,~ _c’_ n,c: ccc ,” n”,’t, - ~~~~~~~~~~~~~~~~~~~~ ~



= ‘ n-t ,~ r1(~ )t.
((.lo)

= r,~~~
)t ,

* - .  c - - c’ ’~ r 
2 i ’ m  a’! - I t i ’ -  r i  [‘ccc, - I ,  i t  ‘cc U c c c ; ’  I i cc o - u :r a c - i  c - L~ P.’ (~

) / 0 icr al,l ~~~.

i c , c a  ( ‘~.5) ‘ cc:ci ( ‘ .9 ) i c c  (5 .  I ’  a ) ,  Wt ’ t n - n - c a  10

~ 
= - f ~ /2z ’

‘~c , ai w i t h  ( 6 .9)  rind (6.10 ) this  gives

2 2
w = 3C  . (~ - . l 2 j

‘ic ”i, , subs t i tu t ion  of ( 6 .3) ,  (6. 14) and (6 . i c)  to i c ,a .12 ) into (6 .2)
3 

y ields

w = = 0 , f1(~~) = const.  (6 . i~~)

in-n -c s , i f  (‘~a .7) does not hold , then w and ‘
~~ are both zero and by (5.12 ) wc also

t c ai ’; e

= 0 . ( c a . i i n )

‘in - ’: above results may be sun~narized as

Th- -c~r ”rn 6 . i .  If the sectiona l sheari pg ~ v a c c l c - h ’ n - n -  a c t  cc point ~~ , 
ii ~cc ideal

~~ t W~~ttcOc it  sur face: tens ion,  then either t ic ’ - 
~l~ - ~ n- circul ar cit ~ cr both the

~~~~~~~~, ~~~ n ac and tn - ’ rate of s”a ’tic c r cc ui ro t - ,t i o r c  “~ c a r e ’  n-~~mc’ ‘a t

-~~

~
,S c~ cOflsec4 a {’f lCC of thi: a b c - v ’  t t a - n - - r a, ’rc , w ’ c- i c c - :  i’ve f i a t  w I t .  c c t I c - 5’ P ‘ n - i a :  ~ n’

r , ,.ra - - ’.-r c- cit a nonc ir ’’ ’ , i a u r  n c - a r t , i a c r ,  P an 1:1 ’:: .] j ’ - t  w i t  i c a c c i t  si,c r f a t c t  t -: :, n - io cc , tn--

S eet ic-nc-i shearir1~ ::a u r t c c o t  vanish n - l . a - r e .  c ’  nec 1’:” ilow n-

n-

~~~
1]a

~~~~
a . i .  An ideal ~~ t wit hout n - a rt” :- -’ ‘rcni o:i n - c u r , r o t - a l , ’- r i~~iuly : , t , -n - -, ,t

1 1cc ccxi - ~~ if it is cir cula r.

~~~~ r ’,’sci lt ‘ , i a - o  fe- i low :’- f rom the t i c  - I i , - a , . i - c a l  Id, ’ ci’ ’, ’ . To so n -’ ‘ - - -

.1 , 1c c r , c 3 r’io ~ ia-i . nc f ’~ i:  ‘ ‘ c c ’ ’  to ( ca . i ) .

- ,,,. rfl . rs -,p.- i - ’ — - —- .;-- ~,ic.4,. a,—e’--~~~,-



w ’  c ”l’ :’ , ’i’vc that  when a t i ’ ci’ a a ’ — c l i : - , ’ c c ’ , : ’i o n : , l  I c -’ - i ’ ,r mc ’ f , :, t . - - s  ii - f l - 1 , n- F: ’ ’i ’’ i n - a l ’ ’,

t i -  -~i 1:. 11 :’: icod y in -- n - c ,1c~l c i e I , ,t c ,c , ,,c crc , i ,r c , ‘.- ,- i t , h  r i’ - ’’’ t~i t n -  ‘ c ’ i ,  cf r ’ - - i  i c r : .

¶ c c -  t }cr a’e ’ — el i nc i ’ ’nn ’i o c oc 1 ; - n ’ - n - n c r - - ‘ ‘I’ a r - ‘ i ’ l l  ,‘ c’ ‘ ‘ - I i if J - - ’, n- ill I ’ , ’,’ . ~ t a —

ti ,jr’uci n-~~cc’ rnt ’ ti ’y ’ c n - a - c c t  l I c e j e t  ‘ c c l:: . To - - ‘- ‘ a t i : c P ,’,- I L , -  1
~( - , r n -  n - c r y ,, t , c , ’ c i i , c c  ~~~~~ ‘-I c ’

I ci’ - - ,‘ ccj ’ ~ i--a ’ - c c  can - : t : c i c  I, c i t  tic ’ f’l’’ ‘ ‘  ‘ c ’ -4’ 15 ’’ ’ -  , 1,1 - c ’ ’ - - ‘ I ,  cr c: ’ I,, i c ’  ci r - - - ‘- a ’

i i ’, c’ j r  I i’ c c - c o d t n - c - t i c ’  r , v’- ’ rc a - - f  I v  - In- ‘ ‘ c ’ t ’ ’ ’ ‘ ‘ ‘ 1  tb  ~~~~~~~~~~ ,
— :

p r :‘,~‘i ’ -1 - .“1’’’ -, l i ’ , ’c’,n ’ ( ‘ - .2 )  ~~~ ‘‘‘ c wi c ~‘ ‘ n- c : 4  - i  i~ t i c , - a , - , ,  - - - , - ,_ ,

t~-a::iecc . lhc ,cs w i n - I c  m = 0 iccel t n - r n -  us a ’  at  ( 1 4 . 8 ) .  ~~~~~ )~~ 
l~~ ei~~t a , ,

~~
- t 

f 2 (-~~/~~ 
~~~~~~ 

= 0 , ~~ + 2(~~ /~ ~ = 0 . ( 6 . 1 - 5, ’

‘ 1 . - n ’ ’ :  - -ciucationc- may b- . j r , i’ c ’c~r c i tn - -c f  in the form

= c
1(~~) , ~ 2w2 

= c~~(~~) , (a . ir

-‘P r ’ - c1 
end  C

2 
cir- ’ arbitrary functions of ~~~. An ir’ucc”ei i c,t” eenc: ”-q-~- - ‘ ‘ - - ‘ -f

(1 .l6~ l 2  
and ( 5 .5 )  is the following

~
‘n-”orem o.2. If at some time t both the ~j~~~- 

~~~~~ w ca rd n- e t , i c c r c a l  nh- ’ - t rir ~ ~

‘,‘a ,cn i s h  ‘it a point ~~, of an ideal j~~~ 
wi thout  surface t a - r a n - i c r : ,  n-h -nc ~~~~~~~~~ rcc ’cn t ,

- ‘rr.n- in n r c  at ~ for all time.

Th i n -  r~~n-u ,l t is similar to one t -xpressing permanence of !i r’i’ a ,c t ’ , L i c n - r c ’ ,l motion in

n-ca”-°-ciimc’nsional inviscid fluid theory (see , e.1-~., Mi m e-Thomson [ 8 , p. 6(1 ).

k -  r e ’ e , tcow”v”r , that in addition to ~~~~, 1,h” sectional caha-c ar in I’ v cn ccnt ‘~‘ ctnish at

to ‘-r n n-ri- that t i- ,~’ je t  spin ‘it ~ remain zero for all  time .

Ir , t b ’ ’  specIal -:‘i c- a- a t ’  a c c  in ” :  c i r a r  5 ’ ’t , ( 14 . 147) icacp i i ’ s  t d c c , t  th e [‘ c c c l  101, ‘n,

‘ i n - r i — n -es - -v ’ ’ r I  in tI c ’ - f a r ’  c oli c , ’ ot ’ c ’ ’ii ’f ’ a i a c , :  t~ nsion . II ’ ’ n cc e , ‘( cr r ’ ’c ’ j ’ c - r i a i i ’ t , ’ t i c

(6.16), in this rain - .’ we n - - ,v ’ --

= c(~~) , (- .17 )

• ~~~~~~~~~~~~~ ~~~~~~~~~~~ 
— ,~~~ ~~~~~~~ - — 

~~

, —— 

~~~~~~~~ 

_________________________________



I c’ * ‘ : -  i’ c a ’ at  n - a i r , ’  i - i c ’  j o t  1 - , -a c ~, - ( 5 . 1 a ‘ c rc ’! ‘a ‘a c - i - c i i ’ ! ,  I i ’ - , i’ ,’

“ ac - -c ‘
4 ‘ . - a a’: (° . l ’( ) P- I - c - c

c i ’ fl ’ ncr ]  t i n - u ’  
~~

j c j c : L i~~~’ i c ’o - c 1L!n-~~. L’’ a ’±J:, (P ’ cc-

i n - - c l ‘ i i m ’ , c a n -  ~~~t ~ H h  :~~li~t~~ L ’~~~’ ,5 ’,Lc~ .~±itj,i .L!~. ~~~~ ~ “ n c c i r ~ z o o  ~~ p c -  ~Hl

~r ,c c: i crc ‘:~~ : - c  c c l i  I i : - .

“ ‘sui t ‘cm i’; : l ron r’ r Pl a n - ru c-h- c r - - n - , a”, .? .  c c c i , ~~ inc I 1 -  P - - 3

o a I, - n:’-’’ a’ l c ci ‘- c,  - -‘:1’ a c i i ’ , ’: I ccc- jot.

a’ to~ c c~~’ Icc c , -’ c’ ’ - c-t ‘ c f  the n ext  i , i c ’ ,’a a i ’ e ’rc c , a’ - , c - _ cl to d l a l - a  ca , ‘ c L ~

- n - - - i r c i c ,: I’V r ’ - n ” c i t c ’- . c~ath c’ ’ ’f’,-r ’ ’c cc c’n- tc ,,’ ’i, prirtic -~~‘ -f  ccc’ I , - c - i n-I po i n t :, we

x’ - ’ Pc ’- ~‘~ n ’n ’t  t i c ’ :  1 ’  cacpa ’n-r ’c , l m n - n - - r - t i n u i t y  of the ‘Inu r’ic ccc ’- fj ’’l eI a i a ; c , c j t ,jt, i ‘ ‘~c :’ C- ’’ j c c l

w i t h  t he  - l i r e c t ’n -’l fluid, j ’:t. To do thi s , wn - - allow a point  of din c o-c a c t l r n - e c ity  a’

‘ n- nc-va’ with velocity u along the j -’t. Provided that  the point  of disc cc ’c i I c- a c  i t1’

icc out rc,n-’c:-riai ( tha t  is , u / v ) ,  the field quanti t ies  of the je t  may be d in -
A

(a ncl,ira:ious ca t  a ce r ta in  instant of time , say t , ‘~rhen s is coir,c fci - ’rc c.

wjth ~~~.

Jump conditions for a ‘:nerai directed, curve can i-co der ived by the c ,, ’ n-llil

procedure. For our pr a-sent purpose , we record them here in a form appropriate

far the case in which the curve c is fixed in space , i . e . ,

[{p(v-u)’B = 0

[[pv(v-u) - = a ,

ftpy~~w ( v - a c )  - =

vi a - n - ’  v in ’ the  ac c ,rf lf l aj fl ’  nc tn- , ,f ihe ’ velocity v a - en - cc’ n-n o” r :t, to C ‘,n’ i  v i , . - , ’ ’ a- - - Icavc’

lr , t,roc1’ccr t~d ~ “ a ” r: , :t  ‘ f , lO f l

ft~~11 = -~ (~~,t ) - a ’ :t ~~) .

‘I

I 31 .

- •~~-~~~e ~..‘c, “1 . ,—
~ ~~~ , ,,, -~~~~~~~~~~ - .,,~ j ’ ’ ’ ” ’_



icc a 1 c ’ - ‘‘ c-’ - - - 1 ’ I I i . - n - I  c- a-, j - ’l ct, , Iii’; - 
, ‘1 Ir a ’ ’ ’ ‘cc-pr’ a - a n - c i t  1 , ‘ i ’ :  1 - I  j ’ t ‘ c c c ’  u ccc cn- I I ’  i - - a —

‘ i c c .  c - a c - r n - i ’  , t c - r  , P (~~~. ) i ) ,  ( 3 . 14 ) ,  (lij~), (Ii .ii ), ( a i , 1 1 , ’j (5 . ,’i~~ ( I i . , - ) .

( 1 4 . 51) - , c , ,i (6. ) i -it o ( - “ . 1,8) ‘,- j ” I :j s

i ’
~ 

• 

(‘i-cc) ]] = 0

[[ p ’ c i ’, ~~~~~~ ( v - c )  + lc i,l c i] = 0

(n- - .20)

[[ ,~ ~~~~~~~~~ (‘ ,c - r c ) ] l  = 0 ,
- - a

[[~ ~~ 
l~~~ i - (’ ~’ -u )~ = 0 , (~

P- now c’ ” - n- t,r i c:l ‘Pt- f l t f  a - tc to cc i ’ i n - c c c u n ; t , i n t c c i I y in vi m — h

ft ]] = ~~ ( a= l ,2)  ,

i . e .  , a n i tua t ion  in which the I~a rc n - hn - of t he  n - e - t c l c c y ,u - s  of t i c ”  ‘:1 l i n t - i c c ,  I e c r o a c s —

A
- n - ti - cc , ar-: :a C ’r, ti I cc-air c u t  t .  This is a mild rc: ’ t r c c t , Lon from thc ’- Pc-c i c -ut of c, i - - w

of ‘i f r -u ,~‘t .  icc v : e w  of (1.21), from (6.2c )~ we obtain

ft v]1 = 0 (6 .22 )

‘ - n . J th i s , together with (0.20)2,  (6 .21)  arid ( 1 4 . 5 5 ) ,  c’ n - ’ J t - n a .

[[~~J] = ftp]] = 0 . ( 0 . ,  
~~)

Also , t. l , ’: 1 ar t  ‘, W c ( “ a n - r n - t i l t  i c - n c ’  of (‘1 .2’ ) sin--id

U = 0 , ‘ -in- - - 0 , (ci r i. ) . (“ .214)
cc a

- n c , ’  , ~- a , a ’  ‘cn ’ : ’ incp t. ic - ac  of cori t~j c , :,iity P a r  ~ I cap i in-n t n - a c t ,  c:.c,ah c I ’ t~~n -’  v acr j  a c i - n

v ,p,p,~ n-c:d ~ - ‘i ” ’ c ’a c flti r , alc ,’ccn t’ c urc cc l ,i Uncn - c-I’ t ic,;’’ . I”,’ I I a , ’,ii c,f n-n - tl . - -
~~~~

, - ‘ - c c -

of motier . , v’ c c -r i  ‘- r ’i’iv ’- ‘i t .  a I’ a ,a r t l c ’ ’r ‘ a - c - , :’ i  : , i c r ,  r ’ n- a ’ ! i r , ~’ tic ’ n- ‘cc’:: n -’ rc ’-a ,~~s ‘n-i t- ha

‘ , ia ’ ’’cn-ur “ccc  1”r cct  lon a ;  ~~~~~. Ii: the abc -c-nec ci ’ n e c - f a c e  ‘ a - : , :  i i , , p . 
‘

~~~2 ’ i 
r i c e - , ’ t i ,

32.
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P = ~~ 
‘
~~p ”~~~~~~c (~~~1 

- 
~1

c L )  

(2 .2 5)

p = i~ ‘n - p
’
~~~~ 1

(
~~’ , -

‘cl -c ’ ’: (5 .8)  i:’c: 1 - ‘ c c  c c’ ed t o a ’l i c ’ ;i r ’c ’ cn - a’ 
~~~~~

. ‘11 , - c r , , c a  c -:bini r cp ((- .~‘l ) i c , al (6.23)

tO ( . , ., b ,  , v-c t,’: n -- ca in

[i~~~ fl = 0 ( .2(i )

A
a’o t i c c u t  ~ is also cunt irmuc ’acs at t.

a

‘ n- r, ec i -n- - -r now cc ~c ‘ c i ’  i c ’ c c ’I ’ ar r n - c a t - r i  a11 point ~ f’ t ine j ot  ‘ ‘l c d  C ’ c i ’p (  a - - - I , 3n - a i n -  for

none t ime in te rva l

< t ~ to 
(6~ -~r )

the- j ’:t is circa - n -In -cr rat  ~~~. ‘ l a n - ’:: (5.J0) ‘ c c l  (5.1 ‘) ccc’ ,- i cc I I  I” r’ ’cIl I :.‘ a t i c c f ’,’i r,c’

(‘“ .27) ‘-c _ i by -liffer’ - c ,tic t irc ,~ each c _ f ’  ‘ t -c’ ’- ‘- - a t  I -  an-’ ,‘,: ~ ,: r ’- , c - c ’’ n-u : 1 c c - c , c-an --

i - t a  ir ,

= = L ‘- i 
‘ . ( ‘ - .24 )

Jn  particular , w ’-  have

= 
~2 ‘ ~l 

= 
~2 

~ ~ j , - ‘~~c c 1 c
2 

- ‘ - ‘~~ (n - - .29)

where  (r ’,. 2’f )~ follows from ( 6 . , l u )  . W I 4  1. I ’  - - i ; ’ ”,r  of ( t ’ . ‘ “ ‘) 14. t h ’ ’ ’ ’:- ,p c” ,’sn-  i n - i c r

( .lco.)l 2  a nd (6.16 ) 1 2  can be combined icc  t i o  c l a P’: 1 1 - ’” :: ’ c i i  .‘ c ~ ,’~t,jOfl

~l~ i 
- 

~2~2 
c2(-~c- - 4) 1) , (6 . ,cO )

wh - -r ”  we nave ’ n ’ot  c = C
1 

= C
2

.

r. wha t follow s , u’ n- ic 10 ~ f i xed  ‘P . ccli t I a n - -  ,‘ ‘a c c ci  treat ( 4  ~~~~ c c a ’ ”r ’, ::’:: i r a n - v

‘ii f’ fr ’~’*-n t ,j ’ ,1 ‘ -quc-t. ion subject to t n - a -  i n i t ia l  a cn -.t I I  cnn -  (n - 1.2i)  . inn -rc ’ !c cc i c p n-h -n-

“i t .

‘S 
~~‘—.‘. ~~~~~~~~~~~~~~~~~~ ~~~~~~~~“, ‘_ _~~- ~~~~ ‘‘ c”' ~~~~~~~~~~~~~~~~ -~a~ -



a ’}a ’ac cgt ’  i f  ‘.‘ r , r i a , ’l_)l - ‘-c’

= - ~~ ) , ~ = ~~~~~ 4 
~~) , :‘ c ,~ ~~)

(~ a .30 ) Con he r - vt’ i t l , a ’c:  i i i  t i c ’,’ form

‘ ~~n-I
-F - - ——~-’-c’r ) = 0

(~~ ‘ - ‘5 -
-

- a d , i a n -  ~ r a n - c — f ’  t ic - - ‘ ‘ ‘ r i - a l e  t , ‘‘ a - - ‘ ‘ia ’ l c a - P t ’ ., ’,: (6 .2?)  i n _- c ’ -.

s ( t ) 0 , 5 ( t ) ,

‘i- , :-: t , w e- ‘,‘xpc” ,’n - n ’  (6 .32)  i cc  th a -  ic - c - c r ,

= f ( Ø ,~~, o) ,

2 
~~ ( c c )

~ -o
_

~w , the function f depends upon 5 and also implicitly upon time through the

arguments ~~ and ~~~. Clearly P is a continuous function of 5 and by virtue of

(-6.21) and (6.26) it also depends continuously on t .  Moreover , the partial

der iva t ive  of f wi th  respect to ô is always continuous and bounded~
’ 

The above

n-con ditions are suf f ic ien t  to ecac -ur e t h a t -  f sa t i s f ies  a Lipsch itz condition .

l en-c a . ’ , by a uniqueness theorem n-f ordinary diff’.-r’.,’ntial equations (see, for

exa~~ le , Corollary 1, p. SIi c’ i’ Rose~~ icht [ 10]), t n - e ra ’  is at most one solution

n-a ( , n-~~ ) t n - at  also c: ’ i t , i n i ’i~- n (6 . ~3) .  By I r eccooction , th i s  solution is t n - ’ :

t r i v i a l  or,” given by

s i t ) = 0 , ( — ~~.< t < ~ ) . (° ‘ “ ‘)

~‘J he singular points 0 = ~ ~ may U.’ ruled out Slilut ’ they imply = 0 and, = 0,
respectively .



P I n  r”. “ 1 ’ :’ t i n - a t i f  1 , ic- ’ , ‘ a c r - ’ l i t , i c - r c s  ( i .,~~~ t hc cl a i for a ~i ’.’ a - c : a c , c i t . c ’ r i c a l point ~ c i t .

n - e r I c - ‘ a:: ’ ‘ . t ,h- cc t , }co n- n - , W i  I I i’ ‘ c-c a r ;  ‘ ‘ 1  t’ a ” c i  ‘ c i ’  c l i  ‘ i t  r ” . ’j c c i .  t ’ c .’i’ ’- c ,1,i n - icc - ”:.0

‘n - -  c- -un - c’cn c~. a t n - a l l - - c ’ i i - : ’ - a ’ v c c t , i u : r , , Pa w - n - - a ’ , r - ‘a , ’Pj ~ -,, ’ p a i c t s  c i i  W i c j ’ ’h i , . , I -1:

‘ n- , c - c  a ,  0 ‘c r ” ’n-i,l ’n-’ act n - a r ’ ,’: 1. 1c c - I c , ,r ’ .i r ; ,  i t —  mot i on - : . - c ; c a ’ a n - ’ ,’ a I ’ . ’ c~ , n - i ; ’ - ‘ t ,

- t : . - : a ’ - :_ 1 ’ ’r ;, I ‘ - a ’ . u ’, ca , a t i c - c - ’ t . ‘ l i e - n , it, ‘‘c -i c - w c fc c;, tin-’’ ‘n - a ’,’, - n - c’ ;1’,’

c hap t l , , -  , ‘ ‘ c ’ ‘n -c ’ ‘ ‘ i f ” ;  P a r  ‘ ,t ,~~ ‘ , ‘ ‘ ca;C -t a c’ ’f i n : ’ t a a n L a’f I icc - , n - c a y  t , c-iJ , -~ if ’  ‘at

c~Ji the n- coi iti e,’cn ( - . . ‘ t - a r -  c a t  s a a t m n - f i~~d n - i rn - :it ,cu r ’’ c ,,c ,c ’ i” . I . ” . ,  if  ei~, i ’ - -r ’

or w~~~� W 2 
when ~~~~~~~~~~~~~~~~ . (c 1 .n-~ - )

‘c- i t in - t can - ’  cc - i d of c c ’ - . 25) ,  t i, ’ ’ ‘ ca - n - l i  I oj, (- - . 37) may Pc r n- ’ c - f -  ct n - s

I ~~ or j ~ / .~l, ,.n 
~l 

= 
~2 ‘ 

(( 3k )

It  is ‘P. ‘ ‘cr Ic-cm (6.38) that if a :‘.c-r;’:’ic’rc c,l car sc-cc n - Ian - cc- n - n -ccailci latu-r i’,ecn- cn-m-:-

e r - ’ ; 1 ’  r , it cart r - , -j ’,r ,in circular f ir  onj ’,~ an in-oi ’ct’.’J in ; ’tant of time . In

, ,,‘cJan - r ,’ , “t  ‘:c”Ch rrcact’:’riaj, point , t I c ’ , ’ j et  in-  - ,-i ther  cic’ecci’ ,r for all tim’: or it

Ic- ‘: cIW~ c ’,’E rcc~r c i ra,c’c,i ‘ if , ‘:-xcn- n - I .  possibly at i c,, ccJ , ’at  ed, ir,ac ’t-n-:,ts a-I ‘ t im e .  Th ’ - a ’ 1ic~,

t a r  cc-n ideal j . -t and in the absence of surface t n - a n - i o n, w - - n - n rc ecnacra cb i uc ’ecccn -n- 1,1,’

c l c ia cr i I ’ y • - c a . -”c l ,  rc ccct ’:r icc-i point -c S  b a ’loni” inp ei ther  to a circular or to a noncircu lar

.jn-t , depending n-porn- th~: initial cc’rcdi,tionc’. assic’r:’n-d t’,~c tha :’ j - -t .

Pita ’, n- h’,’ ‘i n - i ”,’ ,, a ’r --iI , iccr: ,a;ry background , u n - can now n - t n - c c -

- a -  o r - - c c ,  ‘n- . 4 . ,“~ , c l ,  in - ’ -c - i  ~~t withc n-at n-u r ’f an -on -’ tens ic-an- c - a  ‘ -‘- n - n - i  c - r i  ‘ a x ’  c , i  n-cnn-
‘

~~~~~TTT ‘ 
_ _ _ _  _ _ _  ____rcc c t c r ’ .,, : a ,i cj, ‘ ri -n - t ,n-rc - - t ’ -a’ , -I Ln -’ t th- r’ cc t - - c f  a , - ’ a ’ t i c , c , a , , i’ c_,t :,t - io c ,  e- ,~~ t = 0 .

n - c , ’ . - , 100- : ,  n - n - I  c ; t.’ , t , i o’ic 9 ‘i t  ~ ~~~~~ t n - \ ’ , t i c ’  S .c-- C ’cc: ’i - c,rc-t , : cul’ c , 1 ’ i’

,~ t i c ’ . - - .

c o t .  :r ’ I ,P. c .; , - :‘ ‘ - - ‘:‘_ ,:‘ c a r - c ’  - - ‘ h a n -’ I n - c ’  c-’t ,c ’ - ’:’, - - c  i . of t n -  l, c c ’ - ’ ’ r ’ ”- we -‘. c c - ~’w i~n’ tc - , th e

c , :_ r . a,a i r , ’’ , ’ ,,r ’ - I  a - -c t , r’oac n-ibl ’,’ act ic’c- ’c ’,t’ ,l ii, :’,- -” ,tn- of t ii’,’~.

w— - - xc . , ,]-  a ~“ c’ , i_ j :c ’ ’ ’~ t i .’i ’ t ’c~ i’, ’ t  - - c c , 4 c c- a’a ~ 
c _  ‘, ‘ .c ’ •’n- , ‘ i - .’ - ’ c ,  i ,  ( 5 , i — ) ,  c’~’a ; i c h

r” ‘~. r i ’ t ’ ’ a  ii~ ~h ’- f - - n - c .



- 

~~~ 
= - C

2 
,

w a , - ’ r ’ ’ ’  ~~ . . l t : c i r c i n g  ( tn -’ . P 1) we l a c e’ ’ n - I s o  ‘ c d  ~‘ .i- ” 
~~ 

A t . t i c ’ : ’ -  ‘ ~ a n-I , (,

acn d l a -c an - ’ - ‘ i i ’ :  c’ ,i, ’tc-~ — lI a ufld n - ide ’ r a t  ( c . .~~ ;) v a c c i : ’ i a - ’; ’ ‘ I - c t ia n - c ly .  It , t,h-,n fc,i1c-wn

- ‘ i i .  ~~} ;~~ r;c’tl- -, ’r ’i ’u i n c u i r i t  ~

5 e’c ’c c~~t .  W c c -  c c- . ’: - r  I ~, .

- it v ’ - ‘ c c l ,  cap,’ hav e = ~~,., at ~ at an ia;olat’n-’i ir, n- t- n -n t of t ic s - . , ~~~ 1- h at  5

‘miS t n-n-’ - ‘ c c I ’t i 0 ’ n- U’~ii ’ - u t ,  t n - a - n - - n -  t imes.  Therefore 9 must have the same corn -n -tn -nt ‘,‘ - lue

t n - n -  n -i l  n-~~an -- ‘ a c a l t , a’ ., t a - er r-c in- proved.

:i,rn - i rn-c-a’c r ta r , t  conr ’’qcc c c - c  of Tho or o -r an - 6 .14 can b- s t -n-ted  as

‘c-~~~~h ’ .  At Soc ;’, time t In -ct an i,ln- ’-al  ~j ’n-j~ without c- -n -r f ac- ,  t en- , :  ic-n t~ :0cc--

‘ir c” d tr ‘:‘;cr~~~h -: rn -  -x c”p t possibly at isolated points along it a’ 1 ’n-i~ th. If tb -n -

n :e:t iorcai r ot at io n  ‘,‘ aa r , ish er  ever ~~~her e at tim e t and if the j
~~ 

does not tw is t

*
at  time t , tn -c rc- t i c ”  ~~~~ must be without twist at all times during its motion.

‘ct

““ -‘—~~~‘~~~~~~~
••“•• ‘••“ ‘ “ L..~’.~ ’ ~~~~~~~~~~~~~~~~~~ ‘a”.” ~“_ ‘~ _~“, ‘_ ‘c’~ . — ‘ : “ “



c ’ - t ’ r a I a . ’ i ’ . c t c i n : a ’PI aj ” H a l _ ( C a .

I- d i ’ - ’- n - n  l i t  “ ‘ a u - c ” - n -I ) ’ I a I. n u a l  : 1 , 1  n c , n  ‘ a t~~
’ a i t ” ’ - ;  I ‘ ci’ c , r , r ‘-i i I ’  a .- ‘‘ a 1 , 3 ’ - ~ a

1-A c- - , ‘I r ,  w I t  I : - ’  I ’ - cr ” r - ‘ c a l  r ’ - -i caa l,I I ” -  a : ( ‘ ,.  ‘ ) . ( 5  . 2 ( i )  ‘ - a ,  I ( 14 .  ~~; ‘  ~ t ,

c”,;’ ’ o: ’ a - ‘ i t ’ - - : -n -  i L

~ ‘l ’ 
= 

~~~ , 
= 

~~~~‘ 
= 

~ 
, ‘c i ‘Ii

~
, in- . ( .1)

‘ a ” r n f ; n ’ i t - c t ’ :,, ( ‘ ,7 . l~~~ i ’  ‘“: (2.A ) , thc - - :1- I” 5~~~~~ C a ’; t n - i ’ ~ t’ - i - c - - a :

- T[~~~~~~~;’ .~~~ - ~
n- i c ”n-

~~ 
(‘( .2 )

a ) ‘~~~‘ 
~~~~~~~

r n - I n -rn - - ” i~ i~i n i t i or c s  ~14 . A n )  a ,  rc d ( 1 4 . 1: 5 ‘t bc- c orn-n-a

, m = 0  . (7 . c - )

~ itl’c the un - c c of ( ‘~ . i) c ’, a n-d ( ‘ 1.3 ) ,  t, hn - - sy cc l , a:m of d i f f ’ - - r ” r c t i n - a l c ’q ’,aations (“ - . 2 ) ,

(- .16),  ~‘ n . “ )  a n d  (5 .21) in tn - ’ - c~,s- ’n- of cL rc - , l cn -r  , 3 ’ .’t r- , ci c cc ’’ c to

~~~~~~~~~~~~~~~~~ 
= ~~~~~~~~~~~~~~ 

~2 p + ~~q~
2 

= :~~P ~~( +  ‘
~~ ~~

‘ )

(7•n-
~

w ’F 2~ w = O  , 2~~+ v = O  , , 8 = U )  -

A s impl e solution of t i ’  system of “quntio cc a ’ (7.14) in the c a t - n - a - r n - a,- of r i ’ : iv ity  is

v = v  , ~~‘- a  , := °
( .5)

2 — .  - 1 4 2
= I T a n -  “ p — p )  = — ,~‘s  a f ‘T c c F

wc,c-r~’ use Lc,- n- L’c”,-n r r cc a’J ’ ’ c-f ( 1 4 . 5 8 )  c a n a l  w i - - n - ”  v 0 , a 1 . 1 ‘ ‘a ’ ’ ’ t i l l  c - c r c -n - n -

the help c-i ’ (7.5)
5 

‘ i r i c i  (7 . 1U 6 , t n - a :  r a t - c  of’ r ci , c c i , i , c ;  c c - f  ‘ t~ n- ’ d i n - ’ - n - tn - -a’ p a i r ’

~ ‘cr -n - .  tar, ‘‘xT’t r  n - sn - ed  r, n - - rn-n-s - . .f th ‘ cc ’;’ rn- - c - u, jn ’- ’: ’ ; ”a i r n - -  ~5’ ir ,  the i i , c-cc.

f ( p ~.p ’c + T/a
e = ‘o 9 z = = ~~ ‘ 2  ~“

~~ An expr”r’-SiOfl for the orientation 9 cf tn -a: (I n- ‘ i-i’ ‘ ai r is o b t ain ed  by

c . t ~ gr a~ ti rc~ (7 .6)  in n-ice t a r n - c

I (. 

— “ ‘—‘ ~~~~~~~
“—‘1 c2,oc_ -c, - - ‘ ‘  -*-4.~~~~~~ —~-t ~

. -—‘—- -. ,~~ ‘~~~~~~~~~~~~~



= -A
1

t- 4 (~~~ /v~~~ z (7.,’

i~~ + i ~ , - 
- (‘(.8)

It  ic c ‘ ‘. 1  : c , t  t i c’ . ( ‘ ( . 1)  t ac i t t i n - a :  t , c t a i  l ion n - f t  i c ’  , I I i ” t ’ t u , ’mn - “~‘- r ~ i t ’ ’

i a n - c  - a riP I r t ‘ - ‘ ‘; u , r ,  ‘ c l an-c t ~ i’ ;u ,’ a x i s  of t h e -  1-  p l a i n  a n - n - ’  - - ‘ d y a i r - l i a r :  r a c e —

1 ::;  .
‘
~~ ,, W r i -  r e  i n - ’ ’ . ‘,c i x ” - u c -t eci’n - tw i , ;ct ] . j c - ’ ” -, c - T h j’ ’, i ’t’c~~c- It , ; :  l , ’ ’ I ; c ’ t l n - .  In I,j-

c- n - sn - - r i c e  - I’ c- ’c,rf’-r” ’ t . ’ - r  n ic n , (7 . 5)  is the same ac - - Li t ion as that  . - I n - - - r ,  ay l i s a - -c ’,

‘~w n - 151 w I n - - c e  a f u r t h- -r ‘j mn -cus s ion  of Lh-c - n - c,a r 1 cc t ior ’a c an -’j ’ 1- ’ ’  P ’ s . . Pc- i - - r ca ’ !’

.c, c-: - ’;~~r , n - ’ ;n - t Wi , r v c- = 0 , only the i ’igi ’l  par t  of th i s  mon-jar: w I l l  ~‘ - - ‘ r n - i n - t .  ,‘l,n-rc

1’;’ to a n- - rn - a n - a  I i onal n-p,’rawca: Ury c-f’ Lice ‘ui ’ ’ -a ,,’ n-ui’ fi cci ii’ in lii,, ~‘i n - ; , a ,- Cat ’ t i , -,, :: .~n a: —

w . nn’~’ put  ~ = 0 without  loss in c e n r a r al i ty .  t ’j nce v a n - c r ’, mad ’, ’ to

‘;n - i , i n - a ’; w i t , a n - ’ c i t a h j ’n -  choice of r ” - fcr c -n c~- freun, ” , it follows t n - s t tj n -’,c motion

(‘7 .” ) in - ‘g,T; ”r r ~i c a l .l ,y -cquivalent to r igid rotat ion alone , i . e . ,

e = c l1t -

we ‘.axrumin’: steady solutions of (y .14) t i n - i  suppress explicit

dependence upon time in all functions . For such motions , the system of equations

(7 . i-n ) can be rewr i t ten  in the form

-P ~~~~ P g ~
2 

= ~ q (.~
2

) ’ * ~~ p ’
~~

2vv , p + ~~Ø
2q = ~~ p (v

~~z
+
~~

2 _ w 2 )

(7.10 )

vw + 2 ~ uc = 0 , 2~~+ v  = 0 , v~ = ~~~ v9 = w

“ r’ -m n -h e corribina t ion of ( 7 . 1 - n - ) 14 and (7 . i~~)
5
, W e l n-c c’ e - the :ic,ic-e-l iate ic.t- , ’,’ :rc-i

= k , (7 .11)

wr c ’- r ”  k is an- cci ’n- r ;a ’t an t .  It  i n -  c l ea r  from (‘(.11) that  tn -c o velocity -.‘aui:i .stc r’s . nly

if the jet is everywhere at rest. In con juncti on with (7.10) 6, th is  implies that

38.

—~~~~~ ___________



4’ ‘ i ’, ’ r i i i ’ a ’ ’ ’ t a  !‘ c - a i r ’ r c t a i l ’; ’ i t ’ ‘ n - - I  ‘ ‘ i i ,’,’ if ’ ~ t twi n-- .

F i :a , ic :’ it i c a c i i f ’  - a - t v - - c c  (7 .  ~‘) ~~~ : I i ’ J -

— v ;n- ’~ r’) , 
( 

~
‘. i t ’ )

c c c l  ‘ , I c ’ car: f u n -  m t  ‘f ’ ’ - -i I i , ,, 1 c l  ci

— ~~~
-,- , (7 . 13;

wi, i’ - is a c o r n - r t c a i c t .  c r c  c-i  (‘(.1,3) and (7.10). it full va

, ( ‘ ( . 1) 4 )

can - icra~ as the jet is not n-at rest. Pa ’  conclude , tn -era -fore ’ , th’ t Ic: n- to’-:’ dy c c ” ’.iur’,

‘f cc :  ideal circula r jet tic ’: L w in - t  per unit i e ’rc c-, t - l c  is cc -r an - t en t .

~ eturning to (7.13 ) and using (7.11), w -~- can --xp ru; ss  w in 4:u - ’rmn- c - f  ~ by

w = . (7.15)

~‘ubs titu t ing  (7.15) into (7.10 ) 2 ,  we obtain

[p+ -~~ p ~
“i
2
] c~~~

2
q = ~~ p~ -~

14
(v~ 5

+ ~2 ) . (7.1w)

how put

A 
~~2 2p = p + ’~’rr p o’k ( ‘ .17)

A
so th a t  p p ‘ I’h’:n , the system of equations (7 . 1 0)  may Tn- an - w r i t t - , -r - , an -

A 2 ‘n- ~~~~~
‘) “ 2 - 1 4

~~~~~~~~~~~~~~~~~~~~~~~ 

= “ a a c ~~~ ’)  +1’T p  ,~ “ a,’v , p + T ’1~~ q =  ,~‘-‘r ’i ~ (v ~~~~ 4 ,~~
‘
)

• 
. (:.i- n- )

=

Apart fr om the dif ference ir ~ t n - c c  1-c- -n-s-ui ” t rain- , the above ‘qa ca t or .n- cm — c

form a lly - ‘q ’i i v a i . -r c i - to those cmpproprir ’te i n-a r s, t ‘ a dy cn c ’t . iorn - of a~n !, , i- ’’ , J , circular

— 
-I .__

~..j__ , ‘ -

~~~ ,“ ) . 

- ______________________________-- - .~~~~~ 1 U a  -~~~~~ -~~~~~~~ , ,r q-  ‘L’~



J O ,  i n  t he  -i- a- c o n - ’ ’  en - f  t w i s t .  Ic’nce w - -  h a - ,”- - i - h a n -  t ” c l  1’ ,w i r c - ’ t ,1-ca”~r’’rrc 
c f ’  ‘ - a r -  ‘n-

‘l c a - a.r”ji J, ~~~~
; ‘ _  n - l ’ n -~~’ ’, a a l u c l , j o r c  for ‘a n-~~r O c ~’ i a l i a ; m - ’ iii ’ c - i  o i r ~~~i n -  ~~~ 4 , w i l l  :~Ji,c-

A
— n - L,,_ i ~~c E ~~~~~~ ~~~ C ) a t  r L~ ,i~~ ~L ~~~ a icc c n- cc I H4

~%‘ t ~~; n - ’ c ’ c : ’~ ‘ ‘ 1 : 0  I r ,u — a , j : ’ l , r a c i a l F c , ’,’ t ’  a a ’ c,, r ’c , ’ ‘ r i ,  t ,~.,’j  c i  r - - r ’ - c r ; i, l_ I ‘‘r ; ,~,( ‘ _ ‘ - r i

“ c c -i  cc P - ,  a. 
~~c’ L i i ”  n i ’ ~~~ n-~ ci 4 1 c r, ~~.-c , n - I n - F, j,r = .

5’ i t  h ’ s -  -- ‘ r 4 - ~~~t ‘ ~‘‘ ‘ ‘~~ a a ’ s  ‘ , ( n - n -t ’ ’ ’, L - :  + a ” ” ’ 5~ , c r - “ - - a c - p l ’ ’ , n-

n - I  ;- ‘r’ ’.’t’.-n - ’I y flOw i’rc , ’rc cm d r - - c l  c r  n - c l - -  in the b ot t er i  of a l a r c - c ’  t,a r , i , . ~c a c -~ t o

t n - a -  “j r - c c - u n -  -- n - n - - ct .  a n - l i~ lcl. t ,w ’ r’ t, w i l l  icr’ impart -- I t a n -  1- c a ’ ( - n - ‘n - n I t

t n -,, t, . r a ’_c . ‘c t , a - - n - c c - r h r n -n -’ t ’  ‘ T’11 c ’ - t - ’r - - in  ‘ .1 we mcn-,’ a n - cc - r’’ t h e ’ a ’ff’ ’ct  : ‘ t in - c ‘wI:’t ,

i f  c - n  i y infc’rrnc a tic-n r- ‘ c-a r c J i , r I c -  t n - a -  ,j c t radius r n - a ’ v - i  in - c- it ’,’ d i n - t n - i  L n - l  I Ut ,  I - l e n - i c ’  e d .

Pa : now tur n tn - n - t n - a, ’ sy- r ca- r ’a l  ~‘1lipticn l Jet governed by t ,F cc ’ n -yn -t -’ rcn - of’ “qi cra-

a i r , ; -  (h . 2 ) ,  ( 14.16) ,  ( 14.8) and (5 12 ) .  if we neg lect g rav i ty  a cE v - - I l  ti n-

- -r n- ion , thes e equations have the s imple so lu t ion

A A
W 1 = W 1 ,

a ~2
b 

~l
.
~~~2

_ 0  
, v = v  , (7.19)

a ~ 2 t’2 1 2 /’2
- p = ~ rrp cib(a W 1) = ~~~~p ai b ( b

where a ,b ,r~1 ,a~2 
and v are all constants  and must n - a t ti nfy the conditiun

A

~~~ ~~2 
- ( ( . 20’)

1 1 , is p a- r n - ap r ’  mor e ra :ve al in~’ to °xpr., - n - n - c ((.20) in t”rmn- of the alt ’, ’ r r a a u t , ive

k inemati c va r iab les  ‘,~~ 
and ‘y ir i t r c ’lu c” d  ir~ ~‘ ‘ - ‘ c t i a c f l  5. l-rom (5.5), ( 7 . I c ~ and

( 7 . 2 0 ) ,  w’n- see tha t in the present n - c l  c c t , i arc l- c l.h w end ~ are cofl ;at’ar: t ,;- and

r , ’l a i t d  by

( 7.21 )

I
~i

h i- i .

______ — — -  , , . ,.  _,, _, ,,, , -—



‘ ‘ c -  ‘4’ n - j ”~’~ ‘ a r n - - c i - n- i c -’ t a ’ t h a t ,  in ( ‘( .2 a 1) .  i n -  ‘ ‘ n - i a - n -  t an - ~~a - t  ‘an ac t; I ’ i a t a c t a ’ j j r , fi

c-i’ ‘ a: ’ ’  a ’ a : : ’ c ’ ~i n - c ’ ‘-a i t c a ~ O f ’ ( ( . 1 1 ),  w’ - a-: ’, r n - r c ’ ’  t i n - c  p a ’ti~ ’~i f t n -  -: “ a a n -  I a  w h j - ’ i ,

‘ a ’ ‘c’ , ’- l  , e r ’  S t , - , ‘ - - i  ‘i n  c ,  - ri :,’ a ’ I i ’ a , ” c i a a i ’ . ‘I n- - ac , ‘ ‘ a ,  r i - -n ~c a ’ a : ’ I ’i t ; u ’ to I - i c ’ -  c - I - - n  ,‘ ‘ c c-n-

I n  C ,“ .21 ) . a i n - -  f ” - ‘ a v ‘~~~ n n - n - , c~ H , I c a f l  n -’ a t~~~t , , ’ a , ‘1’ - ‘ - -H - c- a , ro’,”n - ‘f 4 , a a

a~ , ’ - ‘ -c -n ‘ - a ’ - 1 - - - I ’c - ,,- ’ , t ’ - -  i c c  t 1 , ‘ ‘ca:: 1 1 n - ’ - :  t i  c ct :a~ 1, a I ’ ’  - a’ i r c n - . l u ’ -  c c i  r c ’ c n  a’- ~o , a c ,  1 n - c m -

o ‘ } - ‘ r ’ ’ a c ’I , :‘~~t’r’ -; ; c aa c: ci n 4’ ’ c r 0  S - d I n - ti c- I ‘h ar Pc:- ’ t i , c a r ,  (a -‘ ‘ i - - I n - c .

‘ - - r - - a ’ c~ u i c c  ~~~ - . p lc ’ ; ’  s - i -” c ~~ (‘(.70 . 1 ’ - , - - ’ - ‘ i  j - ’ c ,~ r- ’,t ”i,i- r ( ‘~.i ~~)

I -  n - n - r i n d ~~V t r ’c u , - i i f , i ’ n a  (‘7 . 19) in -  r i v e n  by

2A 2A A
h~~ - o w 1 i - a

e = 
2 2 

= 
~ + f ’  

- (“ ( .22 )
b - a

t. i th the h- ’i~p of ( 1 . 1 9)
7 

and (14.58), this can be w r it t e n  as

- ‘

~ 

14 14( p -
~~~ )s 2 p 

- 
o 

‘ 2— 

~‘(-r- ) 
— — 

2 
— 

2 - C

tp  ab(a+b ) p (a’t-b )

‘i n- c-’ , as might 1--c- - ‘-xp’:-cted , the average pr esan -ure  p must be l a n - n - s  tha n p0 to

n-io’ctclr : the motion (7.19~~. Again r e f e r r i n g  only to the ca s-  when

w rc-,y expr ess ‘in- a- u n c i  ‘
~
‘ in t e r m s  of p - ~~ in the form

2 2 ~~~1 1 2  2 2 1 ~~~l 1 2
= W ( + )  = ‘~~ (p

0
-j D ) (~~ + 

‘ ‘~
‘ -‘ ‘t (+ )  

= 
~~~~~ 

(p
0
-p ) ( ~~ - ~ ) .

p p

P’tac-r, 
~~~ 

= - b ~ 2 ,  the r a - l o t i c a n ; :  corresponding to ( 7 . 23 )  and (7 .2 14)  are

) (  -~~ )
= Q ( ‘

~ 
= 

* 2
p ( c - b )

“- - -I ‘ r i

2 2 1 ~~, 1  1 2  2 2 1 ~~, l 1 2
-
~~ ‘)J(

) 
= —

~~~ 
(p0-p (~ - ~ ) , v “t’ c~~ ) 

= —
~~ (p -p (— + —) - (7 . 0~ )

p 3

cf’’r ,cc ’:, fl. ,- soluti on ;caapri ra~t’-r’ Into ~~~~ . 1 i-I  i r , - ’t , ‘tn - a”~~5 wh ich , us in-i’ ‘a t ,  ci i i ,  c c : ’

n-,c,t,at ,jn -r ,, We n - oVa :  d i s t i r w m c m n - h a ’ d  by I I ,a ’ a , c  a ‘n I - I n -  ( i )  :,rol ( - ) .  ~~ ce” - ’dj c -c -  r,5

-h’ - .11—1 a f t . ’r (‘7 . ’, ) ,  i t . is -  po.’ n it 1 ’ - ‘n- a - i c - m a,’ 1 ’ , - -
-s ’ r , t i c ’: moto ’’- r c it ’ n-t ’- ’ct n-i~v , n- ‘ 11 ,

____I T I1I1~°



- ‘ lear  t,hti t in ‘- ‘n an -h a : a n - e -  ci t w i n - I  n - I ’ c i t  h~- r n- cia ” ’ -  is p u n n - l h c l a ’ . ~~ O n - r n - n t  - - a - - I , ,’

a- a t  i , c cn - n - (‘-e r r ’ ’ c~~ a H in r  t o e— - -  t ) t )  i i i  w l c i , ’f ,  t , l c u ’  ciC- rc (cn - r ’ ’ ’ c i car , 1e t ~~~~~~~~n c” I~~

i’ P a t  “- ‘m a’ a~ r i gid  i - a - d y ‘ c t - c - U t ,  i I n- c- : - : i : :  ‘ - n - -  ‘also p a - : : ‘i t a l ’ ’ . 1’ ‘ ,~ c x ’ a i’ , ‘-o y  1,i:’ - cr

c a d - i r , ’~ t i c -c ’ , of c ‘ c i  I F a a  a l - - n - I f  a ’ r cd c a r c a t - c a l y ca ,aa t , ia : can - -‘ - a n  - ‘ ‘ ‘ - n - I - , in - ’ : c ,t ’’a ~n-I y :‘ , a

i n -  i11-aa ’ tr ’ - t ,ed n - r n -  i 1 c ’ . I - - ‘ n - - a i m — a ”  t - i c ’ ’  ,j ’’t i a ~’ r c n - c f l ( ’ i L ’ a ’ ’ c i a r ’ , t i n - -  c - , r , f  i -  a’ ’ 5 , 1 , - c ,  cn-c l’

a n- c- ’ - a n - ;‘- ‘c r ’ t ‘ - “- -  I r a ~I,e pr -a ’ -.-nt n u i , n - ct , i on c- p p - - c - n -n :’ a c - c ’  a I c i  I no ti c-n Ian - I, - cc r ’~

n-n- n-w~ c, ’.iic,g sn -In -t,i ’:’rn- (7 .5 )  for a c i t ’  , a l n - c ’

‘a- e  -“ i c - s e  w i t h  a f ’ - -w n - - r n - c a n - i  .n- (c mn - r aca ’r rdrrcg th- b ’’l ’c i a ’, ic : r’ of 1, 1: ’  t’,,- , , ; ’  n - i  , l , i , , a , ;,

( ‘ç . , H c )  and (7.2t~) in lIce , i ir ,it k-b l  - t i . When a = I’- , t i c ”  j- -t i n -  “ c i r c c c l -- r  ‘1.’ith a m

c o a s t , c u ’O ra ,li’cs . F c c - r n  ( 5 . 2 0 ) i, thin - r’--quir- :ac t,hau l, w 1 = u n -2 ,  ‘“- c, ’, n c - c u r , , ’ a

plu s- a i gn in ( 7 . 2 ( a )  and the f i r s t  of the two solutions at -an -ye ’. c, ’ v a n - m i  i - n - I - - c t ,

th en , that w -  cannot prop ’-rl ,y ta ke (7 .25 )  and ( 7 . 2’ a )  t an-- ldcj;c l i m i t ,. i i - -  i - - c ,

‘ ‘c t  (7.25) is sin 0’ular at a = b  seems to bear this  out . (cc ’, the c,t ’c c - -r a a’ -n - ,- c ,

t cn - king the limit of (7 .23)  and (7 .2 14)  as b - a , we f ind

2 ~~~cc~~~~ 2 
14(p

0
-~ ) 2

~ ( + )  ‘

~

‘ 
2 

W (~~) * 2 ‘ ‘Y’( + )  
0 - (7.27)

p a  p a

In view of (5 .21) ,  the second of (7 .27 ) is consistent  wi th  (7 .6)  (when T = 0 )  urn - cl

the third agrees with (5.20)2. The f irst of (7 .27 ) really has no s ic ’ n i I ’i c a a nc ’,’

s ince there is no discernible orientat ion of the cross-section when a = h.

Ack nowledgement. The results reported her e were obtained in the ca;-j rn-’j ’ of r an - s- a n - oa’ c ’ hi
“upported by the UJI . Office of N a v a l  R a - n - e a r c h  under fl a ’ -n t r nn - r t, Nde ( n - i h i — ’j’ h-- e’- ci i cli ,

I’rc ,-i” :t NP 062-5314, wi th  t i c -  Univ ’ - r n - i t y  of’ C -aa ’ii fornic t , Berkeley .

*
i’y n-orollary c- .l, a tr ,,1y rIgid motion is- p c-ac - i t - I c  onl y when a = h .  However ,

~ si r ,c ’  9 measures t,ha’ I a  “c - I l  o r i ”r cta mt ion  of n -h a - a - i  i i}’i”  that t’c-rm s- the free
surface of the je t , a n - c - i ‘at ,iun of t,h~- - fun - i cc  ~ = d + )

1 would t ’ i v e  I n - -  ~ppearence
of’ ai ri gid a-c -dy r o tat i on  i l , ’a ,’ut t I m -  Jet c - n - I ; ’ .

a 142.
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‘ a :

In ci ‘.c p p’’ c - l i , ’, in-’ - , - ‘ . S F ‘ a I ‘ I a, a ’ ’ t - c c i i  a -  : t , i t  a c ’ ‘;~, c ’  t I ‘ - a n -  ‘ - -

Li e c t ,n a c -v t ’ a:Ic O ~~~ rnu ’ i,ra i f  - r r - S - a i k . -  h - 1 1’ -‘:a ar ’ h a ’  - n - f - h a ’ F

t~ ,’ i ; , t ’ n - ’i’ a t i n - i c  ‘ n - i a ’:  t i c ~, ~ ‘ 1 ’ ’ - — F i r : , c a ; ’ i - n ; ’ I ‘ - ‘ c - I i c - r n - .

t’ t , n - c , ’ “ - - 1 - n a] ; - - a - a  I - - , . 01 a, H r e m ’ - d j m en r i o a , ’- j  H --I y I - -  i i -  : tj j ’ j ’ ’ c l  w i t h

‘he a, ’ c , c , e - ’ a , : ’ . ‘- ‘i  ‘ - a ’ I I  rca t n - n -  ~ i = 1 .2 .3) ‘ - a ,  c 1 - - I , a ’  a a - ’ n - c  a, : I ‘ i c - c c  y a - c ’ ’ r

‘0  a ‘n - a c - i 10 ,1~ ,’, H ‘n-,, c 1,’ r -  i n - i  ~~~
- n - c  a n - n - - c ’i: ’cl n n-c ’, ‘ ‘ ‘ ‘ - n - h r

A ( 3 t ,e’ , e , ’ )  ‘ L~
(Al )

I, I i J  I I
a ’ ’ - = g. - c c ,  , - ‘ - ,- ‘, .  = ô .  , - 0 • - ‘ . ~n- - a ’  ‘, 0 , ,l ,a “-‘1 —j , : 

~
‘
~J J ‘s-’ “fl’

‘,, ‘ , - ‘ n -u a ’, c c - c u n - c r c ’  c’ n - I -  ~‘tI ,’ n - - c ’1 t ic ’, ’ n - c c - v a’s i :n-rct ‘ - r n - i ‘ a - c - r n - a n - ’ ! j ’c n - t  a - n - . ’ - n- c~~a u r ’ n - ,

- ‘ . .  is t ( ’  a-a t t i c  t , r , . ’ , :c r .  
~~~

‘ ‘ in- ita’ i,r’,v - ’rse n - a t a , 1  in-’ S h e -  n - r n - rn - (‘‘n - - n  - Ic - It o I r a

n-~ ‘n -pc -n - ’ ’ . Ihe  n-- i’ I c-c lt ,n - ” -,‘, -c n - r n - n -  in -  ,l ’,’i ’inc n- i 01-

= (A 2 )

a superposed clot d”si gnat an- c tn - a- ’ mn-at ’ r i c ’,l tim-n -  d- r ’ i v - -m t i v e  holdir c , ,n- ~~ f ixed .

‘,I ’ i c a- local fle” In-i -(j uatioLs- .,‘L’ t I n -  t icr- ,-”- —a i im - -na n -ic -r ca 1, t- i ; ,cavl ’ y n-an-’:

p , ” = O

= , A ” )

‘ I
-— n-’ x 1  = 0

“I —~~ —.
~~

- p ; H a  l i ’ - — , - - “ r m c j n - : , r l  r - ’ ac,~~’c , !‘ :,. i , , ’ , I is ‘ 1 , ,  H ’  , n - t ’ , ’ ‘ ‘~~,‘ ,,i ,’l’

- F a - c a’~~, ac I ” a , c t m , ;’ - ‘ - n - ’ I ’  , d n -  t ’f - , c’- ’ r , t i n - m ’, i n - t i  w i t h  n - - n c - -  - - I ,  I c - A l  n - c - , I i : - -

- t r - ’;:S ‘.‘ ‘ ‘‘t , m i ’  t. ac-ic a n-c j ’ t ’ c-c’e’ w a n - n - c a ,  ,‘ I W ’ i F J  ct ,it- ccui’i’,ia l i n - v 1,.,’ giv~ ii F , , ’

= ~~~~~~~~~ = - -



- m - a c ’ . - ‘ c . i  ‘r a i n - c a ’  i t , n - i - i t ,  t ’a ,c l , l a c - an - - wi n- ~- 
~~ 

‘I 
=

‘H an- rn - - ;”-c: :- n - n i - ’ ‘ ‘qa ac t , a a , n -  ) L a ’ = L ’ ’ )  c I - - t ’ I t , ’ ’ ’ c - ’ , ’ ’ n l c . l  ‘ c - n , -: Inc a , ’,,-

n- c - ca 5 :  i - c -  a n - a, - , I ,  ‘ a r - I  a a c c c — j r c t , a i a - c - i n -  a , , ’. 2. ~: ‘ “ 1  - i n - a t ,  of 1 , 1 , 1 c c

‘ ,i~n-’ , :  i n -  cc c’,~~- i c ’ i -  ci  F ,’ I , , a a o n - I c  c c - -, - n - n - n - c -

c ’(- .t) = ~~
( n - , , - , I , )  ( A 5)

- :c : ,  t n - c t ’ c r ’ , ’ lcc ,. ’ t.h In n-.’ . ca

P ‘ n - a ., - ,, )“  i~ , ‘ 1-

n - n -- I’m - n-m~~ Is t n - -  vu l u- of g~ , on t - i c - a a a’ -,e  ( i i - ) .  “ n- c - n - n - an-, f a c t  n -- h - ach y

~c ’~pi - n- a r -a ’ I n - - r i  C-I ’ n-pu a n - ’ - In t i c -  ci- -~ , I i a b c ’I ’ l cn - oc i  - r i  I i  - ‘ ‘ - n . ’ ( in -,- ) ~j ccd n- La n - cc ,  F ‘n -n -

- 1’
n -ace a ,a,r’ c- ce

= 0 , (A7)

‘.‘n - :c I n - h l, a- n - - c a l ,  t lci ,it  a n-c :a’t’n - m c ’ -  = n-’c-nn -n-~ucct i r , t u r a  ‘‘n- -tn - (A’,’)  in - c l o s e - -I -c ~i’-; - -iLL .

A ’ 1’- - r ,n-te i - ;  (I the c ar’ .’ - i a c e r — i o n  of n -h ’  ‘ c r f c ce = coran - c t ’-~,- ,t, ln -a _ - ’ ,a rcaHaci l , ’y otL .

I - - t  n - h e  pC- i~~t s-  ~~~ 
~2 ’ with F~1,, < E~~, form endpo irc tc’ c- I ’ a se~~nent of ti’a~

n- ’,wv’:’ (An -- ) W l c I n - n -l’c w ’ ’  :iu , r ,u i, a-  b y ’ 0, m d  d c ’n - i ” r c r a t ’ ’  ~
-‘ and (1~ t i m ’ ’  ;cay ’ tj cu lar

n - n - i  i c r . n -  c - r n o c l a n - t ’:n-I w i th  
~~~~, 

and 
~2 ’ r ’ .-p c c t i v l , .  Now r er a n - i d e s  n-a n-c a r b i t rar y

a ”  I I , 9 of Po: tiar a ‘ —di mensiona l region occupied c v  the C c l ,  n- cc-h t - l , ’ , t :

( i )  p n -n - ra n - c in n- ~~; ar m - i ( i i )  th  bou n da ry ~9 of P -:‘or,- m i n  c n - ’ c - l ’ i i : - -  a- ’ n - l i o n s

,
‘
~~~~~ n-i , ‘c a-I a a n - a l  a cn-crt i cn of * ha- n - - a r - a c e  (A7 ) f c c  ‘~r c I- d ~t ea,mc h a-r n - I i 1, ~~~ n - a n -n-I2 1,

A acd ; n - c, 1- an - c r ib -r i  is called a rod- l ike  bo~~ n -n d  f-h r p c -r n -  9 f- .r c - rn-
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‘)  ~~c 1j, icc ’ c - u t ’~~, , ’n - ’ c ; t for I n - c
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p n-c- 8a d8
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n-i~
2 

= 0 . (A12 )
LI

i:~ a lso recall the f n - - I I c , w i x a c -  ‘ l,:,’f I ,n i t ions  for t i c ’ -  r c -ac u~ l t ant s

= T n- d8
1 

d9
2 

, = Ta d8
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.19
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, = T3 8
a -79 ’ d8

2 
. ~Al~~ )

Wec now c -a n - a n - n - m m ’ - tha t far  th ’- r od—l ike -  body i n - - a ’ c r i b € - d  a bove , t ic ’, ’ F a o a ” i t i c ’rc

(Al)1 can be approximated by

n-c = r ‘ d , d = - i  (~~ ,t )  . ~A l 14 )

a la ,’ n - t in - a n n - ian -I n - i - c , in ( A l )  ‘, , r c - i  (~~2 ) ,  we u t - n - y i n :

V V ’ f 8 W  , v ” r  , w -‘ ‘F *
-~~~

, ~~ ,, = ~~~ + , ‘a , r ’
“d “-a a

4 - ‘~‘h ’’r- - - a r ’r~ m - ’  ‘ I - i c - i  j -c’  a c - r I  i a i  i i  I ’f’ ’ r ’ ’n a t , i , - , t  n- ‘.‘n- I t ic  a’ - a n - ’  ‘‘t S - - ‘ . The ‘ ‘q c a l  n- nc

of’ motion in t , , ’rn -c -’ c-i ’ t ic” r ’ ’ n - c a l t - ’, c t r  (A 13 )  n - m r -  c t  t a l c - ’ ” !  o,y n - a U  t a b l e ’  i r a t c ’ , l l ’ - ,m t i o n
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p46.
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‘ c a ’n - c l
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If we adopt the appr ox imation (Al1-~) and identify the vectors d and the

position vector r in (AlL~)
1 with the directors in (3 .1) 2 and the position vector

(3. 1) i of the curve c , then the development of this Appendix and the results

giv en in section 3 ar e formally equivalent . lfl particular , comparison of the

equations (All ) and (A16 ) to (A18) with thos e in ( 3 •5 )  reveals a 1-1 correspond c-a-, cc’

betwe en-n the two systems of equations provided we ident i fy  the expressicns (A19)

n-c (A2 i ) ,  respectively, wit h the an-n-in-ned fi n - i - i n - and the iner t ia  coef’fici,c-ntn

in the t ica r ory of a directed curve discussed in sen --ti c-n 3.

ia I n - r e -  closing this appendix , we obtain n - h a ’  appropriate ~ x 1 ’r - - n - n-’ ion for

I n , ’ ’n - ra apr’ e s s ibili ty w a - - n  the position v a - r n - c - i ’  in - c- p c - r n - - n -  h - ac m L u  icy (Alt~)1. Ye-i ’ a

~~~ 

- 
n-icr , ‘ -dimensional incompressible mm - h um , l i t -  m e s s  dan-rarity p~ 1;’ c o a s t - c d  a r c- i

‘n--y (A — )
1 

the condition c-f incompre r’c’-ibi lity is

n - F t  
0 f,A22 )
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